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Abstract

Decarbonization of power systems through large-scale renewable integration
creates unprecedented grid management challenges. Variable wind and solar
generation introduce significant uncertainty and volatility, requiring flexible
resources to balance supply and demand in real time. Demand-side flexibility
from building HVAC systems represent critical flexibility providers, but their
optimal operation remains challenging. These assets exhibit complex nonlin-
ear dynamics, such as heat pump efficiency curves and thermal dynamics, that
conventional linear approximations inadequately represent. These misrepre-
sentations results in suboptimal scheduling decisions.
A fundamental tension exists in energy system decision-making. Constrained
optimization frameworks, particularly convex formulations, provide formal guar-
antees on solution quality and global optimality through well-established the-
ory and efficient solvers. However, this mathematical rigor requires lineariza-
tion of system dynamics, sacrificing modeling fidelity. Conversely, machine
learning excels at capturing nonlinear system behavior from data but lacks the
decision-making structure and solution quality guarantees that optimization
provides. This thesis bridges this critical gap by developing a unified frame-
work that harnesses the nonlinear expressiveness of machine learning while
preserving the solution quality guarantees and tractability of constrained op-
timization.
We introduce neural network-constrained optimization, which embeds trained
neural networks directly into mixed-integer optimization frameworks as ex-
act piecewise linear reformulations. This approach enables precise modeling
of unknown nonlinear thermal dynamics of buildings for day-ahead schedul-
ing. Later, a multi-fidelity analysis demonstrates that incorporating nonlin-
earities through high-fidelity simulation significantly improves solution quality.
However, fully nonlinear formulations render the optimization problem com-
putationally intractable for practical implementation. To bridge this gap, we
propose decision-focused learning: a framework that learns asset representa-
tions optimized for decision quality rather than statistical accuracy (e.g., mean
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squared error minimization) on historical data. We first present a methodology
for learning linear constraint parameters within convex optimization programs,
directly aligning model learning with the downstream optimization objective.
We subsequently extend this framework to non-differentiable programs (e.g.,
mixed-integer linear programs) using stochastic smoothing and score function
gradient estimation (i.e., REINFORCE algorithm), enabling learning in in-
herently non-differentiable settings. This is particularly valuable for physical
systems (or high-fidelity simulators of such systems) that are not differentiable.
Crucially, this extended framework allows neural network parameters in neu-
ral network-constrained optimization to be learned end-to-end, accounting for
true system nonlinearities while maintaining computational tractability.
Case studies on fictitious on multi-zone office buildings achieve sixfold reduc-
tions in cost prediction errors. These results validate that machine learning-
informed optimization and decision-focused learning enable computationally
tractable, and physically consistent decision-making strategies essential for grid
flexibility in the renewable energy transition.
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CHAPTER 1.

Introduction

1.1. Background and Motivation

The transition from fossil fuel-based to renewable energy-based electricity gen-
eration introduces fundamental challenges for power system operation and
decision-making. On the supply side, the growing deployment of weather-
dependent renewable energy sources, such as wind and solar, introduces sub-
stantial variability and uncertainty in electricity generation. On the demand
side, sector electrification (heating, transportation, industry) and the adoption
of flexible assets (heat pumps, electric vehicles, batteries) create new opportu-
nities for load-side flexibility that remain largely untapped.

Instead of building new generation and transmission infrastructure to follow
demand, modern power systems increasingly rely on demand-side flexibility
(i.e., the ability to shift, shed, or modulate electricity consumption in response
to grid conditions, market prices, and renewable availability). Power systems’
shift from a supply-following to a demand-responsive paradigm has profound
implications for building management, energy markets, and grid operations.
From an application perspective, this thesis focuses on building Heating, Ven-
tilation, and Air-Conditioning (HVAC)1. HVAC systems represent one of the
largest untapped flexibility resources, accounting for 30% of the final electric-
ity consumption in the USA [5], [6]. Yet this flexibility remains significantly
underutilized because current control methods are fundamentally ill-suited to

1Note that Favaro and his co-authors also did major developments on Pumped Hydro
Energy Storage (PHES) [1], [2], [3]. PHES is the largest utility-scale storage technology
representing over 90% of the installed energy capacity worldwide in 2022 [4]. It stores
energy by pumping water in altitude. Electricity is produced by releasing the water,
which subsequently drives a turbine.
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the task.
To maintain grid stability amid this transition, system operators and mar-

ket participants must make operational decisions (e.g., HVAC scheduling in
buildings, and energy arbitrage in PHES) based on imperfect models of sys-
tem dynamics and uncertain market conditions. Historically, decision-making
has followed a classical two-stage paradigm, named Identify-Then-Optimize
(ITO): (i) identify a model of system dynamics from historical data, then (ii)
optimize control decisions using that fixed model. The conventional modeling
approach has severe limitations:

1. Model-reality mismatch: ITO treats system identification and con-
trol as decoupled tasks. A model trained to minimize prediction error
(e.g., Mean Squared Error (MSE)) may be poor at the task it will ulti-
mately support: decision-making. This is especially problematic when:
(i) system behavior changes under control leading to a distribution shift
(e.g., when HVAC scheduling modifies building thermal patterns from
historical conditions); (ii) the relationship between the model error and
the decision quality is asymmetric, non-linear, or non-monotonic [7].

2. Incomplete physics representation: Many systems have known con-
straints (thermal bounds, power limits, feasibility regions) that should
be enforced structurally during learning of unknown system dynamics
(building thermal dynamics, water-power conversion curve in hydropower
plants). However, enforcing constraints strictly during learning is chal-
lenging and soft approaches such as penalty term in the loss function are
preferred [8].

3. Computational and structural barriers: Real-world systems are of-
ten nonlinear or have discrete constraints (e.g., HVAC binary switching:
heating or cooling, pumped hydro energy storage mode: pump or tur-
bine). Embedding nonlinear and discrete models into optimization prob-
lems creates computational bottlenecks and renders the problem non-
convex [9].

This thesis addresses these interconnected challenges by developing Neural
Network (NN)-constrained optimization and Decision-Focused Learning (DFL)
frameworks that unify physics-based constraints with data-driven learning in a
single end-to-end trainable pipeline. Rather than optimizing for prediction
accuracy, these frameworks optimize directly for downstream decision quality,
i.e., the decision-maker’s ultimate goal.

2
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1.2. Research Questions
The overarching research direction is motivated by four specific challenges in
grid-interactive resource control and demand response:

Research Question I: Can we identify system dynamics and optimize
control simultaneously, rather than sequentially?

In day-ahead building thermal scheduling (e.g., HVAC), the conventional ITO
approach (i) learns a model of thermal dynamics by minimizing the prediction
error on historical data, then (ii) solves an optimization problem using that
fixed model to determine optimal setpoints [10]. This separation between
model identification and control creates a fundamental mismatch between the
training objective (prediction accuracy) and the decision objective (control
cost minimization) [11].

The core problem is regime mismatch: when the HVAC system operates
under historical passive control rules (e.g., simple setpoint temperature bands),
it explores only a narrow region of the operating envelope. A thermal model
trained on such data learns to be accurate in that narrow regime. However,
when an optimization algorithm computes new setpoints to exploit flexibility
(e.g., aggressive pre-cooling during low-price hours, or active load-shedding),
the building operates in regimes not represented in historical data. Model
parameters that were accurate for passive control may severely misestimate
the actual cost consequences of control decisions in these new regimes, leading
to suboptimal or even destabilizing control actions.

This raises the fundamental question: can we learn model parameters that
are task-aware, i.e., optimized not to maximize prediction accuracy on passive
historical data, but specifically to minimize the downstream cost of control
decisions? Instead of separating identification and optimization, can we merge
them into an end-to-end pipeline where model learning is driven directly by
the quality of the resulting control decisions?

Research Question II: How to merge the expressiveness and versa-
tility of data-driven neural networks with the optimality guarantees
and constraint-satisfaction of mathematical optimization?

The thermal dynamics of buildings is highly nonlinear [12]. They depend
on multiple coupled physical phenomena: heat transfer through building en-
velopes (temperature-dependent), HVAC system efficiency (load-dependent),
internal gains from occupancy and equipment (stochastic), and solar irradi-
ation (weather-dependent). Linear models, such as Resistance-Capacitance
(RC) networks, provide interpretability and computational tractability but of-
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ten fail to capture these nonlinearities accurately, especially across the wide
range of operating conditions encountered in demand response scenarios [13],
[14], [15].

Conversely, NNs offer exceptional representational power: they can learn
complex input-output mappings from data without explicit physical equations.
Moreover, NNs with a single hidden layer can arbitrarily well approximate any
function given sufficient neurons[16]. However, embedding nonlinear NN mod-
els directly into optimization problems creates a severe computational barrier.
The resulting optimization problem becomes non-convex and intractable, lack-
ing the structure needed for efficient solution.

The core challenge is a mismatch of capabilities: NNs excel at learning
from data but lack structure for optimization while mathematical optimization
excels at finding good solutions but requires structured model classes (linear,
convex, or mixed-integer linear). Therefore, this research question asks: can
we leverage the piecewise-linear structure of Rectified Linear Unit (ReLU)
NNs to reformulate them as exact mixed-integer linear constraints, enabling
them to be embedded directly into optimization problems? If successful, this
approach would combine the modeling versatility of NNs with the optimality
and feasibility guarantees of mixed-integer programming.

Research Question III: How can gradients flow through non-
differentiable assets/simulators and optimization problems to enable
end-to-end learning?

In practice, evaluating the true performance of a building control decision
requires more than solving an optimization problem. Building control decisions
(temperature setpoints) are ultimately executed in the real building (or high-
fidelity simulator), where the actual thermal response depends on true physics,
occupancy patterns, and other factors not perfectly captured by any learned
model. High-fidelity building simulation tools like EnergyPlus [17] or TRNSYS
[18] are the gold standard for evaluating control performance, but they are
non-differentiable: they consist of numerical solvers, iterative algorithms, and
piecewise logic that produce no meaningful gradients.

More fundamentally, as thermal models become more sophisticated (e.g.,
embedding NNs in optimization, formulating stochastic problems with dis-
crete decisions) the entire pipeline (model → optimization → simulator) be-
comes a composition of non-differentiable components. The optimization prob-
lem contains discrete variables (mode switches for heating/cooling), producing
piecewise-constant solutions [19]. The simulator contains black-box physics
engines.

At the same time, DFL explicitly aims to tune model parameters based on
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the quality of the final decisions, as measured by ex-post outcomes such as
true energy cost and comfort violations. This creates a tension: DFL concep-
tually requires gradients to flow all the way from the realized outcome back
to the model. Standard backpropagation assumes a smooth, differentiable ob-
jective landscape for DFL. However, the end of the pipeline (mixed-integer
optimization plus simulator) is fundamentally non-differentiable. When that
assumption of differentiability breaks down, gradient-based training becomes
impossible. But we need gradient information to enable DFL.

This research question asks: can we extract meaningful gradient signals
from the non-differentiable pipeline without explicitly computing derivatives?
Can we estimate task-specific gradients that capture how changes in model
parameters affect downstream decision cost, even when the loss landscape is
piecewise constant or undefined? Specifically, can score-function gradient esti-
mators (such as REINFORCE [20] from reinforcement learning) provide unbi-
ased gradient estimates by leveraging the underlying probability distributions,
enabling us to train through the full pipeline of non-differentiable simulators,
discrete optimization, and complex NN constraints?

Research Question IV: How can we learn accurate thermal models
that adapt to changing operating conditions while handling stochas-
tic uncertainty and remaining tractable for optimization?

Building thermal dynamics are inherently nonlinear and time-varying. They
depend on weather (ambient temperature, solar irradiation), occupancy (inter-
nal heat gains), and past decisions (thermal history). A single, static thermal
model learned from data is fundamentally unable to remain accurate across
this diversity [15]. Yet thermal models must be embedded in optimization
problems, which requires tractability. The linear RC formulation provides
computational tractability for optimization but may be too simplistic to cap-
ture the nonlinear dynamics accurately [21].

Consequently, we wonder how to develop hybrid models that are both expres-
sive and tractable? Specifically, can we learn context-dependent, probabilistic
RC models that adapt their parameters dynamically based on current condi-
tions (weather, time of day, expected occupancy), thereby locally linearizing
the nonlinear system behavior around the expected operating regime? By
making RC parameters functions of context, we transform a global nonlinear
problem into a sequence of local linear approximations, each tailored to the
current circumstances.

Furthermore, how can we explicitly represent uncertainty in these mod-
els? Building thermal dynamics are fundamentally stochastic, e.g., we cannot
predict occupancy or equipment use precisely. Can we develop probabilistic
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thermal models that captures both epistemic uncertainty (uncertainty due to
incomplete knowledge or model simplifications, which can be reduced with
more data) and aleatoric uncertainty (inherent randomness in the system due
to unpredictable factors like occupant behavior)?

Finally, how can such probabilistic, context-dependent models be integrated
into the downstream optimization? Rather than assuming a single determinis-
tic HVAC power trajectory, can we use scenario-based robust optimization
where control decisions are optimized to remain feasible and near-optimal
across many possible realizations of thermal dynamics, sampled from the learned
probability distributions? This would yield control strategies that are robust
to uncertainty, maintaining occupant comfort even when actual thermal dy-
namics deviate from nominal forecasts.

1.3. Research Contributions

This thesis makes three major sets of contributions to DFL for grid-interactive
building control, each corresponding to a distinct publication or major ma-
nuscript. These contributions systematically address the four research ques-
tions identified earlier, advancing the field from foundational decision-aware
system identification to sophisticated stochastic modeling under uncertainty.

1.3.1. Contribution 1: Decision-Focused System
Identification and Control

The first major contribution, presented in chapter 3, develops a foundational
DFL framework for simultaneous system identification and control optimiza-
tion. We identify building thermal dynamics while scheduling the HVAC sys-
tem. This work directly addresses Research Question I by demonstrating that
the classical ITO paradigm fundamentally fails when control decisions shift the
building operating regime away from the conditions represented in historical
training data.

Traditional approaches first identify a thermal model by minimizing predic-
tion error (e.g., MSE) on passive operational data, where the HVAC system
follows simple rule-based setpoints, then use this fixed model to solve an opti-
mization problem for demand response. The critical insight of this contribution
is that such models suffer from severe regime mismatch: they excel at predict-
ing behavior under passive control but systematically fail when optimization
computes aggressive demand-response maneuvers like pre-cooling during low-
price periods or load shifting to align with renewable generation. The learned
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model parameters, optimized for statistical accuracy across historical regimes,
misestimate the true cost resulting of these new control actions, leading to
suboptimal or even infeasible schedules.

To overcome this, the contribution formalizes decision-focused system iden-
tification, where model parameters are learned to directly minimize ex-post
control performance rather than prediction error. A linear lumped RC model
represents the discretized thermal dynamics of the building. The framework
integrates the RC model in a convex day-ahead scheduling of HVAC systems.
Gradients can flow from the downstream decision quality (evaluated by a sim-
ulator) back through the optimization problem to the model parameters them-
selves, i.e., the Rs and Cs. This creates a true end-to-end learning pipeline
where the model learns to be accurate specifically in the operating regimes
that matter for control.

A key innovation is the supervised decision-focused loss, which evaluates
model quality not through prediction metrics but through the actual per-
formance of the resulting control decisions when executed in a high-fidelity
simulator. The supervised DFL loss quantifies the sensitivity of the objective
value to prediction errors by comparing the expected and ex-post HVAC power
consumptions under the same control (i.e., indoor temperature setpoints) com-
mands. The resulting loss is weighted by the electricity price at each time step
to reflect the economic impact of forecasting inaccuracies. This learning setup
requires no differentiability of the building or control simulator. The ex-post
trajectories obtained from EnergyPlus provide the supervision signal. The
approach is thus directly applicable to complex, black-box building physics.

The empirical validation on a realistic 15-zone office building in Denver, CO
provided by the US Department of Energy [22] demonstrates that decision-
focused identification reduces the absolute error between expected and ex-post
power cost by a factor 6. Moreover, DFL achieves 1% lower operational costs
compared to ITO baselines, with dramatically improved robustness to distri-
bution shift (extreme weather conditions not seen during training). Critically,
the learned models maintain statistical prediction accuracy comparable to tra-
ditional methods but concentrate their representational capacity on control-
relevant dynamics, achieving superior generalization to new operating regimes.

1.3.2. Contribution 2: Neural Network-Constrained
Optimization with Stochastic Smoothing

The second major contribution tackles Research Questions II and III by devel-
oping a NN-constrained mixed-integer optimization framework for day-ahead
HVAC management that merges the expressive power of Machine Learning
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(ML) with the optimality guarantees of mathematical programming. We de-
tail the method and its results in chapter 4.

Building thermal dynamics exhibit profound nonlinearities that linear RC
models cannot capture: temperature-dependent heat transfer coefficients, load-
dependent HVAC efficiencies, coupled inter-zonal effects, and complex inter-
actions between weather, occupancy, and control history. Even though NNs
excel at learning these nonlinear mappings from data, embedding them di-
rectly into optimization creates intractable non-convex problems. A first ap-
proach approximates the network (sacrificing modeling fidelity) using convex
hull relaxation [23]. A second approach looks at reformulating NNs as a set
of constraints. In particular, NNs using piecewise linear activation functions
such as ReLU can be exactly reformulated as a set of mixed-integer linear con-
straints [24], [25]. Such formulations were initially developed to verify trained
NNs [26], for example against adversarial samples [24]. The first application
to model unknown constraints in an optimization problem is in [27], where
Murzakhanov et al. created a classifier embedded in an Alternative Current
Optimal Power Flow (AC-OPF) to encode security constraints.

This contribution extends the use of NNs as regressors to model unknown
constraints: it shows that feedforward ReLU NNs (whose piecewise-linear acti-
vation functions define convex polyhedral regions) can model building thermal
dynamics within a larger HVAC scheduling optimization. Each ReLU neu-
ron becomes a set of four mixed-integer constraints with a binary activation
indicator, tight linear relaxations, and carefully bounded Big-M parameters.
A critical practical innovation is adaptive Big-M tightening for the NN refor-
mulation. Rather than using crude fixed bounds on neuron activations, the
method dynamically recomputes tight bounds by exploiting known determinis-
tic inputs (weather forecasts, time of day) and reducing their feasible intervals
to singletons. This produces dramatically tighter Mixed-Integer Linear Pro-
gram (MILP) relaxations (proven theoretically via interval analysis) without
sacrificing exactness, enabling the framework to scale to deeper networks and
realistic problem sizes. The resulting formulation embeds the full expressive
power of the neural thermal model directly as optimization constraints while
preserving global optimality guarantees through the MILP solver’s optimality
gap.

However, this exact reformulation creates a new challenge for DFL: Mixed-
Integer Program (MIP) produces piecewise-constant solutions with respect to
input parameters. Small changes in NN weights can cause discrete decisions
to flip abruptly, yielding zero or undefined gradients that make standard back-
propagation inapplicable. To overcome this, we leverage Stochastic Smoothing
Decision-Focused Learning (SS-DFL), a novel training paradigm that treats

8



Chapter 1. Introduction

NN parameters as random variables drawn from a Gaussian smoothing distri-
bution. The HVAC problem is solved repeatedly as a Mixed-Integer Quadratic
Program (MIQP) under these random parameter realizations, and gradients
are estimated using score-function (like the REINFORCE algorithm) estima-
tors that relate parameter perturbations to downstream decision loss without
ever differentiating through the solver itself.

Validation on a detailed 5-zone office building demonstrates that SS-DFL
with NN-constrained optimization achieves major thermal comfort improve-
ment (thermal comfort penalty divided by a factor 5) over convex DFL re-
laxations that sacrifice modeling fidelity while keeping HVAC cost roughly
similar. The approach maintains computational tractability (solving 24-hour
Mixed-Integer Quadratic Program in under 30 seconds) while delivering the
solution quality guarantees of mixed-integer programming.

1.3.3. Contribution 3: Probabilistic Decision-Focused
Learning for Multi-Zone Buildings Under
Uncertainty

The third and culminating contribution, detailed in chapter 5, addresses Re-
search Questions I, III, and IV through a probabilistic DFL pipeline for day-
ahead thermal scheduling in multi-zone commercial buildings with fundamen-
tally uncertain dynamics. This work, currently under preparation, represents
the most complete realization of the thesis vision: end-to-end learning of
context-dependent, probabilistic thermal models that drive robust optimiza-
tion under real-world uncertainty.

Real buildings operate under profound stochasticity: fluctuating occupancy
generates unpredictable internal heat gains, weather forecasts contain errors,
occupants open windows and override controls unpredictably, and building
material degrade over time. Static, deterministic thermal models, even sophis-
ticated ones as NNs, cannot capture such evolving conditions. On the other
hand, tractable optimization requires structure. The contribution resolves this
through a context-dependent probabilistic RC model that parameterizes ther-
mal capacitances, inter-zonal conductances, and HVAC efficiencies as time-
varying functions of operating context (weather, calendar data, recent thermal
history), learned by an LSTM encoder-decoder architecture. Rather than pre-
dicting point temperatures, the model outputs full predictive distributions.

This probabilistic model serves a dual purpose that elegantly unifies learn-
ing and optimization. First, the stochasticity enables score-function gradient
estimation: by expressing decision loss as an expectation over sampled ther-
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mal trajectories, REINFORCE-style gradients propagate cleanly from ex-post
outcomes back through the non-differentiable pipeline. Second, the sampled
trajectories become scenarios in a scenario-based MIP, where a single shared
temperature setpoint schedule is optimized to remain feasible and near-optimal
across all plausible thermal realizations. This produces day-ahead schedules
that robustly maintain comfort even when actual dynamics deviate from nom-
inal forecasts.

The training procedure combines practicality with theoretical soundness.
A physics-informed pre-training phase uses negative log-likelihood loss with
ReLU positivity constraints and temporal regularization on RC parameters,
providing a warm-start that encodes physical plausibility. The decision-focused
fine-tuning phase then uses Monte Carlo scenario sampling and score-function
gradients to optimize directly for realized EnergyPlus performance (true costs
plus comfort violations), requiring no differentiability of either the MIP solver
or building simulator.

The case study is performed on a detailed 3-floor, 15-zone medium office
building in Denver (same as Contribution I). ITO warm-starts perform ade-
quately across most models except for the best static RC model on historical
forecast which completely collapses. All models underestimate the power cost
of their decisions. In contrast, deterministic DFL tuning yields marginal gains
(notably for dynamic models), while probabilistic DFL tuning with more sce-
narios progressively improves the loss at increased computational cost.

1.3.4. Synthesis Across Contributions

Together, these three contributions form a complete progression from decision-
aware identification (Contribution 1) to neural-constrained optimization un-
der non-differentiability (Contribution 2) to probabilistic, context-dependent
modeling for real-world deployment (Contribution 3). They demonstrate that
DFL can transform building HVAC systems from passive consumers to active
grid resources, achieving dramatic cost savings while maintaining occupant
comfort and computational tractability. The methods generalize far beyond
buildings to any domain requiring learning-to-model under uncertainty, non-
differentiability, and discrete decisions.

1.4. Thesis Organization

This thesis is organized as follows:
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Chapter 2: Energy Transition and the Need for Flexible Energy
Resources — provides essential context on the energy transition, the need
for flexibility, and why buildings are critical. It establishes the motivation for
developing better control methods for HVAC systems using machine learning.

Chapter 3: Decision-Focused Learning for Convex Control and Mod-
eling of Building Thermal Dynamics — (Paper 1 – ACM E-Energy [28])
develops DFL for simultaneous system identification and control. It presents
the general problem formulation, gradient computation via conic program dif-
ferentiation, the supervised loss for non-differentiable systems, constraint re-
laxation for training robustness, and a case study on RC building model iden-
tification for a realistic 15-zone building (Denver, CO). The key contribution is
demonstrating that end-to-end DFL outperforms ITO even with limited data,
because it focuses learning on control-relevant parameters.

Chapter 4: Decision-Focused Learning for Non-Convex Control and
Nonlinear Modeling of Building Thermal Dynamics — (Paper 2 –
IEEE Transactions on Smart Grid [29]) develops DFL for simultaneous sys-
tem identification and optimization, where NN thermal models are embedded
as exact mixed-integer linear constraints. It presents the problem formulation,
Stochastic Smoothing (SS) for gradient computation, the adaptive Big-M tight-
ening technique, and a case study on a realistic 5-zone office building (Denver,
CO). The key contribution is demonstrating that NN-constrained optimiza-
tion, trained via DFL with SS, outperforms ITO and relaxed DFL methods
while maintaining computational tractability.

Chapter 5: Probabilistic Decision-Focused Learning for Robust Con-
trol of Building HVAC Systems — (Paper 3 – Ongoing Work [30]) ex-
tends DFL to handle context-dependent, probabilistic thermal models and
scenario-based robust optimization. It develops the architecture for context-
aware forecasting, the integration of probabilistic models into scenario-based
HVAC optimization, and the use of score-function gradient estimation to en-
able training through non-differentiable simulators and discrete optimization.
A case study on a multi-zone office building demonstrates the approach and
shows that stochastic DFL achieves 10–30% cost savings compared to ITO and
is robust to weather extremes.

Chapter 6: Conclusion and Perspectives — synthesizes the contribu-
tions, discusses practical deployment considerations, identifies limitations of
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the current work, and outlines promising future research directions including:
integration with electricity markets and demand response, multi-building ag-
gregation and coordination, incorporation of occupant behavior models, and
hybrid learning-optimization architectures combining DFL with reinforcement
learning.

1.5. List of Publications
The following publications form the core of this thesis:

Paper 1 (Published): P. Favaro et al., “Decision-Focused Learning for Com-
plex System Identification: HVAC Management System Application,” in
Proceedings of the 16th ACM International Conference on Future and
Sustainable Energy Systems, ser. E-Energy ’25, New York, NY, USA:
Association for Computing Machinery, Jun. 16, 2025, pp. 347–358, isbn:
979-8-4007-1125-1. doi: 10.1145/3679240.3734584. Accessed: Jul. 15,
2025. [Online]. Available: https : / / dl . acm . org / doi / 10 . 1145 /
3679240.3734584 [12 pages, peer-reviewed]

Paper 2 (Published): P. Favaro et al., “Decision-Focused Learning for Neural
Network-Constrained HVAC Scheduling,” IEEE Transactions on Smart
Grid, pp. 1–1, 2025, issn: 1949-3061. doi: 10.1109/TSG.2025.3639887.
Accessed: Dec. 11, 2025. [Online]. Available: https://ieeexplore.
ieee.org/document/11275968 [13 pages, peer-reviewed]

Paper 3 (Ongoing): P. Favaro and J.-F. Toubeau, “Stochastic Decision-Focused
Learning for Thermal Energy Scheduling in Multi-Zone Buildings,” Feb.
2026. Accessed: Feb. 24, 2026. [Online]. Available: https : / / hal .
science/hal-05525850 [18 pages, working paper]
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CHAPTER 2.

Energy Transition and the Need for Flexible
Energy Resources

2.1. Introduction

The transition towards a renewable-based energy system with net-zero carbon
emissions by 2050 is a central pillar of energy policy worldwide [31], [32]. This
transition introduces a fundamental challenge: weather-dependent renewable
energy sources such as wind and solar produce electricity intermittently and
often unpredictably. Unlike conventional thermal power plants that can adjust
output to follow demand, renewable generators are constrained by meteoro-
logical conditions. This weather-dependency creates periods of both scarcity
(when demand exceeds supply) and abundance (when renewable generation
exceeds demand). To maintain grid stability and reliability amid growing re-
newable penetration, a critical paradigm shift is underway. Modern power
systems increasingly rely on demand-side flexibility.

[ Definition: Flexibility

Flexibility is the ability to change electricity generation, consumption,
or storage in response to signals from the grid operator or market prices.

This shift from a supply-following to a demand-responsive paradigm has pro-
found implications for building management, energy markets, and grid opera-
tions.

This chapter establishes the critical context for the thesis by exploring the
role of demand-response in integrating renewable energy and maintaining grid
stability, the primary flexible assets and demand response mechanisms in mod-
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ern power systems, why building HVAC systems represent a critical untapped
flexibility resource, how a Distribution System Operator (DSO) procures flex-
ibility from buildings to manage local constraints, and the control challenges
that DFL addresses. The chapter shows that buildings, particularly their
HVAC systems, represent a significant flexibility potential that can contribute
towards the decarbonization of the energy sector. However, current control
methods are not suited to unlock this potential. The thesis contributions di-
rectly address this gap.

2.2. The Renewable Energy Transition

Figure 2.1.: Renewable electricity capacity worldwide from 2010 to 2024 and
forecast of most probable scenario till 2030 [33].

Global renewable electricity capacity is expanding at an unprecedented pace,
see Figure 2.1. A trend expected to continue following the agreement of COP28
(2023) to "triple the world’s installed renewable energy generation capacity to at
least 11,000 GW by 2030" [34]. The International Energy Agency reports that
in 2023, Renewable Energy Source (RES) additions surpassed 50% year-on-
year growth, with solar Photovoltaic (PV) and wind power accounting for over
90% of new generation capacity connected to grids globally [35]. By 2025, over
2.6 terawatts of new clean energy projects were awaiting grid connection in the
United States alone, more than twice the current grid capacity [36]. However,
this rapid expansion creates new operational challenges that were absent in
conventional power systems dominated by dispatchable thermal generation.
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2.2.1. Energy Transition Challenges

Three main challenges posed by the ramp-up of RES can be identified. First,
the generation is variable and uncertain. Second, the integration of RES in
the grid leads to increased curtailment (involuntary rejection of renewable
generation due to insufficient demand or grid capacity).Third, RES hinders
safe grid operation because they offer little voltage and frequency control.

Challenge 1: Variability and Uncertainty — The first challenge is vari-
ability and uncertainty. Solar and wind generation exhibit high temporal vari-
ability across multiple timescales. Solar generation follows predictable daily
and seasonal cycles: generation peaks around midday and drops to zero at
night, with seasonal variation driven by day length and cloud cover. Wind
output, by contrast, is driven by weather patterns that are difficult to forecast
more than a few hours ahead, with wind farms experiencing sudden changes
when weather systems move through a region. This variability must be bal-
anced by flexible supply or demand resources to maintain the fundamental
physics requirement of power systems: generation must equal consumption at
all time. This balance was previously maintained by quickly ramping thermal
generators or demand-following hydro plants.

Challenge 2: Curtailment and Grid Integration — The second chal-
lenge is curtailment and grid integration costs. As renewable penetration in-
creases, curtailment is rising globally [37]. This trend is likely to accelerate
unless flexibility is procured or transmission infrastructure is expanded. Ex-
panding transmission infrastructure takes many years of planning, environ-
mental review, and permitting, whereas demand-side flexibility can be de-
ployed at existing facilities within months. The economic case for flexibility is
therefore compelling: avoiding curtailment through flexibility saves renewable
generation that would otherwise be wasted, while avoiding CAPEX-intensive
infrastructure expansions.

Challenge 3: Safe Grid Operation — The third challenge is frequency
and voltage stability to ensure safe operation of the grid. Traditional syn-
chronous generators provide inertia. Rotating generator shafts resist rapid
frequency changes by converting kinetic energy stored into electrical energy
[38]. This inertia is a critical grid service that has been provided automati-
cally in the past. Renewable generators connected via power electronics (in-
verters) lack this natural inertia [39]. As renewable penetration increases and
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conventional generators retire, the grid’s ability to withstand disturbances de-
teriorates. Modern grids therefore require fast-acting flexibility from energy
storage assets and demand-side resources to restore frequency and voltage sta-
bility at millisecond to second timescales.

Together these challenges impact every aspect of power systems from the
power generation–power consumption balance, to the markets, and to the net-
work infrastructure and operation.

2.2.2. Impact on Distributions Systems

The energy transition is fundamentally transforming the distribution system’s
role. With distributed renewable generation (e.g., rooftop solar now represents
about two third of installed PV capacity in Germany [40]), distributed stor-
age (home and commercial batteries), and responsive loads (flexible HVAC,
Electric Vehicle (EV) charging), the distribution network is becoming active.
The DSO (i.e., the entity responsible for operating distribution networks) must
now coordinate these resources to manage multiple new challenges that were
absent in the centralized generation paradigm.

Congestion Management — DSOs must manage congestions. When many
rooftop solar systems export power simultaneously during midday, or when
many buildings charge EVs in the evening, local distribution lines can become
overloaded, with power flows exceeding the line’s thermal rating. This can
damage equipment or, at minimum, violates grid code constraints. Rather
than building new cables and substations (a capital-intensive solution taking
years of planning), DSOs can use flexibility services from buildings and bat-
teries to reduce simultaneous consumption or generation. For example, a DSO
might contract with an aggregator to reduce consumption by 10 MW on spe-
cific distribution feeders when solar generation exceeds a threshold, thereby
preventing line overload [41].

Figure 2.2.: Simple distribution system line with two buses, resistance R, and
reactance X. The power consumption P +jQ at node 1 is counted
positive.
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Voltage Stability — DSOs must maintain voltage stability. Electricity dis-
tribution systems operate with voltage targets of typically 400 V (nominal).
High penetration of distributed generation can cause voltage to rise signifi-
cantly above this target. When rooftop solar exports power to the distribution
network, voltage rises especially at the end of long distribution branches where
the solar systems are connected. Under mild assumptions1, an estimate of the
voltage drop magnitude between two busses |∆V | of a distribution system
aerial line (represented by Figure 2.2) can be obtained as:

|∆V01| = |V0| − |V1| ≃
RP +XQ

V1

(2.1)

where R and X are the total resistance and reactance of the line, P an Q are
the active and reactive powers transiting on the line (counted positive from bus
0 to 1), and V is the voltage. Voltage outside acceptable ranges (typically 360–
440 V, or ±10% according to European standard EN50160) causes equipment
malfunction and can trigger protective devices that disconnect parts of the
network. DSOs may use flexible loads and reactive power support (from bat-
tery inverters or other devices) to maintain voltage within acceptable ranges.
For example, if voltage on a feeder is high due to solar export, the DSO can
ask flexible loads (buildings with demand response capability) to increase con-
sumption, thereby absorbing some of the solar export and reducing voltage
[41].

Deferral of Infrastructure Investment — In locations with rapid de-
mand growth (e.g., areas with many EV chargers being installed, or neighbor-
hoods undergoing urban development), current substations and distribution
lines may become inadequate. Building new infrastructure is expensive, time-
consuming, and environmentally disruptive. DSOs can use flexibility services
to defer or avoid these investments entirely. For example, if an urban neigh-
borhood anticipates a 30% increase in electricity demand from EV charging
over the next 5 years, rather than immediately upgrading the substation, the
DSO can contract with buildings to provide peak-load reduction on days when
demand is high, smoothing the peak and deferring the substation upgrade by
several years. This is often called ”flexibility-based infrastructure deferral” [41].

DSO/TSO Interaction — DSOs must coordinate with the Transmission
System Operator (TSO). The DSO operates distribution networks (the last

1The capacitance of the line is assumed to be negligible and the phase difference between
V0 and V1 to be very small.
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mile to consumers), while the TSO operates transmission networks that con-
nect generation to distribution systems. A critical challenge is that flexibility
activated at the distribution level can have unintended consequences at the
transmission level. For example, if a DSO activates flexibility to manage a
local congestion problem by reducing demand on a specific distribution feeder,
but this flexibility is activated simultaneously across many DSOs in the same
region, the cumulative effect might be a sudden drop in demand at the trans-
mission level, causing frequency to rise and requiring the TSO to activate
different resources to maintain stability [42]. To address this, DSOs and TSOs
must develop coordination frameworks where flexibility needs and availabili-
ties are communicated bidirectionally, and algorithms ensure that flexibility
activated at one level does not create problems at the other level [43].

2.3. The Need for Flexibility

Flexibility is recognized as one of the most cost-effective solutions for inte-
grating high renewable penetration. A Brattle Group report estimated that
demand-side flexibility in the United States could provide 200 gigawatts (GW)
of capacity by 2030, which represents 20% of the estimated peak load in the
same year, with a value exceeding $15 billion per year in avoided infrastruc-
ture investment [44]. Duke University researchers calculated that demand-side
flexibility mechanisms could free up at least 76 GW (10% of current US peak
demand) with an average load curtailment duration of only two hours per year,
without requiring new infrastructure or technology breakthroughs [45]. At
the global level, the International Energy Agency identifies flexibility (along-
side storage and transmission investment) as one of three essential pillars for
achieving the tripling of renewable capacity by 2030 without sacrificing grid
stability [35].

Flexibility can be categorized along multiple dimensions. Although this sec-
tion offers a very brief overview, there are extensive analyses such as [46].
Along the temporal scale dimension, energy-shifting flexibility operates over
hours to days (e.g., pre-cooling a building during low-price periods to reduce
consumption during peak hours), while frequency response flexibility operates
at sub-second to minute timescales (e.g., a battery responding to grid frequency
deviation within milliseconds). Along the direction dimension, downward flex-
ibility increases consumption or reduces generation to absorb generation sur-
plus, while upward flexibility reduces consumption or increases generation to
meet demand during generation scarcity. Along the source dimension, supply-
side flexibility comes from quickly dispatchable generation, demand-side flex-
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ibility comes from responsive loads, and storage-side flexibility comes from
thermal or other energy storage. Along the activation mechanism dimension,
price-based flexibility is implicit, as it reacts voluntarily to market price signals
without prior contractual obligation. In contrast, incentive-based flexibility is
explicit, since activation occurs under contractual arrangements or dedicated
programs that compensate participants for providing predefined flexibility. Fi-
nally, constraint-based flexibility is triggered by system operators in response
to physical limitations or contingencies in the grid, serving as a form of emer-
gency response when market or contractual mechanisms are insufficient [47].
Table 2.1 summarizes this information.

Dimension Category Description / example

Temporal
scale

Energy-
shifting

Hours to days (e.g., pre-cooling a building
during low-price periods to reduce consump-
tion during peak hours).

Frequency
response

Sub-second to minutes (e.g., a battery re-
sponding to grid frequency deviation within
milliseconds).

Direction Upward Increases consumption or reduces generation
to absorb generation surplus.

Downward Reduces consumption or increases gener-
ation to meet demand during generation
scarcity.

Source Supply-side Quickly dispatchable generation.
Demand-side Responsive loads.
Storage Thermal or electrical storage.

Activation
mechanism

Price-based Responds to electricity prices (market-
based).

Incentive-
based

Responds to compensation mechanisms or
grid signals (contract-based).

Constraint-
based

Activated when the grid faces physical limits
(emergency response).

Table 2.1.: Summary of flexibility features.

The thesis focuses on demand-side flexibility from buildings, specifically, the
ability of HVAC systems to shift electricity consumption over hours while
maintaining occupants’ comfort. This flexibility source is vast in magnitude.
Buildings account for 18% of global electricity demand, marking an increase
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by 161% from 1990 to 2019 [48]. In the United States, the building sector
accounts for 75% of the final electricity consumption, in which HVAC con-
sumption contributes 40% [5], [6]. This flexibility source is widely distributed
across electrical networks, ensuring that no single facility dominates supply, re-
ducing concentration risk. It is increasingly connected to advanced controls via
smart building management systems and the Internet of Things [49]. Building
flexibility remains significantly underutilized compared to its technical poten-
tial, largely because current control methods struggle to effectively and safely
exploit thermal dynamics. The thesis methods address this gap.

2.4. Flexible Assets and Demand Response
Mechanisms

Modern power systems draw flexibility from diverse sources, each with different
characteristics and suitable applications. Batteries, particularly lithium-ion
systems, provide flexibility from milliseconds to hours, with response times
under one second and typical duration of a few hours. Demand response from
HVAC and water heating provides flexibility at minute-to-hour timescales with
response times of 1–10 seconds. Pumped hydro facilities provide flexibility
at hour-to-day timescales with response time in the order of the second and
duration of several hours. Compressed air energy storage provides similar
characteristics to pumped hydro. Fast-ramping gas turbines provide flexibility
at minute-to-hour timescales with response times of 1–10 minutes and duration
of 1 hour or longer [47], [50], [51].

Source Response Time Timescale Duration

Lithium-ion Batteries <1 s ms to hours Few hours
Demand Response Seconds Min to hours Weather-dpdt
(HVAC) 0.5–2 hours
Pumped Hydro Seconds Hours to days Several hours
CAES Seconds to min Hours to days Several hours
Fast-Ramp Gas Turb. 1–10 min Min to hours >1 hour

Table 2.2.: Flexibility Characteristics of Modern Power System Sources

As shown in Table 2.2, no single technology offers universal solution. Each
technology has distinct characteristics tailored to specific operational context.
Consequently, accommodating high renewable energy penetration necessitates
a diverse technology mix. Figure 2.3 shows that storage is sufficient to cover

20



Chapter 2. Energy Transition and the Need for Flexible Energy Resources

Figure 2.3.: Comparison of short- and long-duration flexibility needs for high
renewable penetration: (top) normal weather with sufficient RES
import/export; (bottom) low RES periods [52].

short duration flexibility needs of about one day. However, for longer period
with low renewable energy generation, longer duration flexibility (e.g., PHES)
and demand-side flexibility. In particular, residual net load (light green) high-
lights the role of diverse assets like HVAC beyond batteries.

2.4.1. Flexibility Procurements

Flexibility in Europe is procured by TSOs and DSOs through a set of partly
coordinated markets and mechanisms that span different time scales. These
arrangements have evolved substantially over the past decade, but they share
the common aim of ensuring that sufficient upward and downward flexibility
is available to maintain system balance and respect network constraints, while
minimizing total system cost.

At the TSO level, flexibility for system balancing is mainly procured in ad-
vance via reserve capacity markets and then used in balancing energy markets.
In the day-ahead time frame, TSOs procure reserve capacity products with de-
fined activation times and durations. In European terminology, this includes
Frequency Containment Reserve (FCR), automatic Frequency Restoration Re-
serve (aFRR), and manual Frequency Restoration Reserve (mFRR). Market
participants submit offers to provide upward and/or downward reserve ca-
pacity, and the TSO clears the auction to meet exogenously defined reserve
requirements at least cost, subject to technical constraints such as unit com-
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mitment, ramping limits and cross-zonal transmission capacity [53]. Flexibility
can be provided by conventional generators, storage units, and demand-side
resources, either directly or through aggregators.

Figure 2.4.: Time line of the reserve activations in Europe.

In real time, balancing markets are used to activate this procured flexibility
to correct deviations between scheduled and actual injections and withdrawals.
Activation of aFRR and mFRR is typically organized through merit-order lists
or real-time auctions, with resources remunerated both for capacity (availabil-
ity) and for activated energy. FCR is usually contracted in advance with strict
performance requirements in the sub-minute range, providing the first line of
defense for frequency stability, while aFRR and mFRR correct imbalances on
time scales from minutes to half an hour. Figure 2.4 summarizes the time
line of the activation process. In most European systems, energy and reserve
markets are cleared sequentially rather than jointly, so market design must
carefully account for the technical interdependencies between energy dispatch
and reserve availability [54].

2.4.2. Distribution System Operators and the
Procurement of Flexibility

In recent years, distribution-level flexibility services have emerged as an im-
portant new market segment. DSOs increasingly procure flexibility to manage
local constraints such as congestion (power flows exceeding line capacity), volt-
age violations (voltage outside acceptable ranges), and anticipated overloads
(when new loads like EV chargers exceed current substation capacity). Rather
than building new physical infrastructure (new substations, cables), DSOs can
use flexibility services to manage these constraints more cost-effectively. This
represents a fundamental business model shift for DSOs from infrastructure-
centric to service-centric operation [41].
DSOs procure flexibility through several mechanisms adapted from practice at
transmission level but tailored to distribution-specific needs.
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Bilateral Contracts — Bilateral contracts are direct agreements between
the DSO and a flexibility provider (e.g., a large building with demand re-
sponse capability, or an aggregator representing many smaller buildings). The
contract specifies the magnitude of flexibility (e.g., “reduce consumption by 5
MW”), the duration (e.g., “for up to 2 hours per day”), the response time (e.g.,
“within 10 minutes of activation”), and the compensation (e.g., “e50/MWh of
consumption reduction”) [41].

Tender processes — Tender processes are requests for proposals (RFP)
where the DSO describes a flexibility need and aggregators submit bids speci-
fying the price, quantity, and terms of flexibility they can provide. The DSO
then selects the lowest-cost bids that satisfy the requirement. For example,
a DSO might issue an RFP: “Procure 20 MW of downward flexibility (con-
sumption reduction) on feeder X for the period May–September, activation
duration up to 2 hours per day, response time within 15 minutes.” Aggrega-
tors would submit bids specifying how much flexibility they can provide and
at what price, and the DSO selects the least-expensive combination of bids.
This type of solution is already implemented by UK Power Networks [55].

Market platforms — Market platforms are emerging in some countries,
where flexibility providers continuously update their availability and pricing
in a digital platform, and DSOs can procure flexibility from the platform in
real-time. Examples include the Piclo Flex platform [56]. These platforms
enable dynamic, auction-based procurement of flexibility, potentially reducing
procurement costs compared to bilateral contracts [41].

DSO/TSO coordination — A critical emerging challenge in modern power
systems is coordinating flexibility procurement between the DSO (managing
distribution networks) and TSO (managing transmission networks). If a build-
ing’s HVAC system is activated to provide congestion management service to
the DSO (by reducing demand on a specific distribution feeder), but this ac-
tivation simultaneously reduces demand at a moment when the TSO needs to
increase demand to balance frequency, the two services work against each other,
and the combined effect might be worse than doing nothing [41]. To address
this, research institutions and grid operators worldwide have proposed hierar-
chical coordination schemes. The DSO identifies flexibility needs to manage
local constraints and creates “flexibility bids”—quantities and timing of flexi-
bility availability that could be used for local services. The DSO forwards any
unused flexibility to the TSO, which can procure it for system-level services
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(frequency support, reserves). A coordination algorithm ensures that flexibil-
ity activated at the TSO level does not violate local DSO constraints (e.g., does
not cause voltage violations or line overloads) [57]. Real-world implementa-
tions of this coordination are emerging in the European Union, with increasing
emphasis on technical standards and market rules to ensure safe and efficient
operation.

2.4.3. Demand Response

Demand response traditionally referred to short-term adjustments in electricity
consumption by end-users in response to direct requests from utilities or grid
operators, often with financial incentives2. The IEEE Power& Energy Society
(PES) Task Force on ”Demand Response in the DER Era” defines demand
response as follows.

[ Definition: Demand Response

Demand response is the actions of customer-sited energy resources down-
stream of metering points to voluntarily, actively, and temporarily adjust
their electricity production and/or consumption in response to signals
(e.g., commands, prices, measurements) [58].

Modern demand response programs vary widely. Some are voluntary, where
customers receive incentive payments for reducing consumption during high-
demand periods. Others are mandatory, where grid code requirements compel
certain customers (typically large industrial users) to maintain the ability to re-
duce consumption on short notice. The most advanced programs are real-time
price-responsive, where electricity prices vary continuously (updated every 5–
15 minutes), and consumers adjust consumption automatically in response to
these dynamic retail prices, enabled by smart meters and control systems [59].
In contrast, most widespread pricing schemes are time-of-use tariffs. Under
such tariffs, suppliers or network operators define time blocks (typically peak,
shoulder, and off-peak periods) and assign higher prices to peak hours with
high system demand and lower prices to off-peak hours when demand and
generation costs are lower. Figure 2.5 displays the current time-of-use tariff
offered by the main Walloon DSO, ORES [60].

Unlike conventional supply-side generation, demand response offers several
unique advantages. First, non-intrusive deployment : flexibility can be imple-
mented within existing buildings and devices without major new infrastructure

2The name load flexibility is sometimes preferred to demand response.
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ECO hours (€) MEDIUM hours (€€) PEAK hours (€€€)

Figure 2.5.: Time-of-use tariff named Impact as released by ORES (Walloon
main DSO) for 2026, adapted from [60].

investment. A building with a smart thermostat can participate in demand
response without any capital expenditure beyond the controller itself. Sec-
ond, distributed availability : unlike centralized power plants, flexible loads are
distributed across thousands of buildings, providing natural geographic diver-
sity and reducing concentration risk. If one flexibility provider defaults or fails,
the remaining providers can still meet system needs. Third, low environmental
impact : shifting demand rather than generating additional electricity reduces
carbon emissions, air pollution, and thermal water pollution [61]. Fourth, cost
competitiveness : demand response often costs less to procure than building
new generation or storage capacity, making it economically attractive to both
operators and customers [62].

However, demand response also introduces challenges that must be carefully
managed. Heterogeneity is significant. For example, buildings and industrial
processes vary widely. A small lightweight office building with large windows
and poor insulation has very different flexibility characteristics than a heavy
concrete hospital building. Similarly, occupancy patterns vary by building
type and location, affecting thermal dynamics and comfort constraints [63].
Observability is another challenge: grid operators and aggregators typically
cannot directly observe the state of individual assets, requiring forecasts and
inference from electricity consumption data. This partial observability makes
it difficult to predict and guarantee the flexibility available from each asset
[63]. Rebound effects occur when, after a demand reduction event, consump-
tion increases (”demand rebound”), for instance, to restore comfort in building
and catch-up with delayed production in industry. If many assets experience
rebound simultaneously, it can create a new peak in demand that coincides
with other high-demand periods, reducing the net benefit of demand response
[62]. Consumer acceptance limits the magnitude of flexibility that can be sus-
tained: occupants experience discomfort if temperature setpoints are adjusted
too aggressively, and sustained discomfort can reduce participation in demand
response programs [64]. Managing these constraints while achieving grid ben-
efits requires sophisticated control algorithms and careful coordination.

25



Chapter 2. Energy Transition and the Need for Flexible Energy Resources

Û Scope Clarification

This thesis focuses on decision-making tools for operators of HVAC
systems who wish to improve their participation in demand response
schemes. The design and implementation of demand response schemes
is out of the scope of this work. In subsequent chapters, demand response
is always voluntary-based and price-based.

2.5. HVAC Systems as a Flexibility Resource

HVAC systems dominate building energy consumption worldwide and repre-
sent perhaps the largest, most accessible flexibility resource for the modern
grid. In the United States for example, the HVAC consumption reaches 30%
of the total electricity production [5], [6]. This enormous consumption level is
only comparable to industrial processes and transportation. HVAC is also the
single largest contributor to peak electricity demand on summer afternoons,
when outdoor temperatures are highest and cooling demand is greatest [63].

From an economic perspective, HVAC flexibility is valuable because it can
provide both energy and capacity services. Energy services arise from shift-
ing consumption to hours when electricity prices are lower or carbon intensity
is reduced. For example, during the middle of a sunny day when solar gen-
eration is high, electricity prices are typically low. By pre-cooling/heating a
building during these low-price hours (and allowing temperature to drift higher
during peak-price afternoon hours), the building can reduce the total electric-
ity bill [65]. Aggregating this flexibility across thousands of buildings creates
a demand response program that flattens the system load profile, reducing
the need for expensive peak-generation resources [66]. Capacity services arise
from reducing peak-hour consumption, which avoids costly infrastructure in-
vestments. Because peak-hour electricity demand determines the required ca-
pacity of generation, transmission, and distribution systems, a 5% reduction in
peak demand can defer multi-million-euro investments in substation upgrades
or new distribution lines [44]. This infrastructure deferral value is substantial,
especially in fast-growing regions where new loads (such as EV charging) are
rapidly increasing peak demand.

The physical basis of HVAC flexibility is rooted in a simple principle: ther-
mal inertia. Buildings have mass (concrete structural elements, interior walls,
furnishings) that stores thermal energy. This storage capacity allows buildings
to tolerate temporary setpoint adjustments without violating comfort con-
straints. When an HVAC system is turned off on a summer afternoon, indoor
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temperature does not instantaneously jump to ambient temperature. Rather,
heat flows slowly through the building envelope, and indoor temperature drifts
upward gradually. This slow thermal response creates an opportunity for de-
mand response: by pre-cooling/heating a building during off-peak hours (when
electricity prices are low), storing that thermal energy in the building’s mass,
the HVAC system can be partially or fully disabled during peak hours when
prices are high, allowing temperature to drift upward without exceeding com-
fort bounds.

The dynamics of indoor temperature in a building zone can be represented
mathematically by a simple but effective Reduced-order Resistance-Capacitance
(RC) model [13]:

C
dTin

dt
=

Tamb − Tin

R
+Qhvac +Qinternal, (2.2)

where C is the thermal capacitance of the building zone (joules per kelvin),
representing the thermal mass, Tin is the indoor temperature (kelvin), Tamb is
the ambient temperature (kelvin), R is the thermal resistance of the building
envelope (kelvin per watt), representing the insulation quality, Qhvac is the
heat transfer rate from the HVAC system (watts), and Qinternal is the inter-
nal heat gain from occupants, equipment, and solar radiation (watts). The
RC model is a low-order approximation of building thermal dynamics, but it
captures the essential behavior: the time constant τRC = RC quantifies the
rate at which indoor temperature responds to external changes. In commercial
buildings, τRC typically ranges from 1–8 hours. If the HVAC system is turned
off and assuming no other heat gains, indoor temperature τ in will drift slowly
towards ambient temperature τ amb. After a time period of τRC , 38.6% of the
temperature difference τ amb − τ in has reached inside:

τ in(τRC) = τ in(t0) + 0.386
(
τ amb − τ in(t0)

)
, (2.3)

where t0 is the time at which HVAC. After five times the constant τRC , the
building indoor temperature is assumed to be τ amb. This slow dynamics cre-
ates the opportunity: by pre-cooling or pre-heating a building during off-peak
hours when electricity is cheap, the building can pass through peak hours
with reduced HVAC operation, shifting electricity consumption from peak to
off-peak periods.

The flexibility available from building HVAC systems can be quantified as
the range of power consumption that the HVAC system can achieve while
maintaining indoor temperature within comfort bounds. Formally, this feasible
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operating region is defined by:

Pmin
hvac(t) ≤ Phvac(t) ≤ Pmax

hvac (t), (2.4)

where Pmin
hvac and Pmax

hvac are the minimum and maximum feasible HVAC power
at time t. These bounds are derived from multiple factors. Physical equip-
ment limits mean that HVAC systems have maximum heating and cooling
capacity (imposed by the equipment design) and minimum power required for
ventilation (necessary for occupant health). Comfort bounds require that in-
door temperature remains within acceptable limits, typically 20–24°C in winter
and 22–26°C in summer, with stricter limits in hospitals and operating rooms.
Thermal dynamics, governed by Equation (2.2), constrain how quickly tem-
perature can be changed. Aggressive temperature adjustments that maximize
flexibility in the short term may violate comfort bounds if sustained too long.
Prediction uncertainty in ambient temperature, solar irradiation, and occu-
pancy requires that flexibility plans account for forecast errors. A conservative
flexibility strategy that guarantees comfort even under worst-case weather and
occupancy scenarios provides less flexibility than an optimistic strategy that
assumes perfect forecasts, but is more robust to forecast errors.

Research demonstrates that building HVAC flexibility is substantial and
economically significant. A robust optimization study on unlocking thermal
inertia for demand response found that buildings can reduce peak consump-
tion by 15–30% during a two-hour demand response event while maintaining
comfort constraints, simply by using pre-cooling strategies timed to the de-
mand response period [65]. Across a portfolio of thousands of buildings, this
translates to hundreds of megawatts of aggregated flexibility in a typical city.
When this flexibility is valued at typical wholesale electricity market prices
(e.g., e50–100/MWh during peak hours), the annual value of flexibility pro-
vision from a single commercial building with average cooling load of 500 kW
could exceed e10,000 per year, providing attractive payback for investments
in building controls and communication infrastructure.

2.6. Control Challenges and Opportunities for
Machine Learning

The previous sections have established that HVAC flexibility is enormous in
magnitude, widely distributed, economically valuable, and essential for inte-
grating renewable energy and managing modern distribution networks. De-
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spite buildings’ physical capacity to provide flexibility, it remains significantly
underutilized. The fundamental barrier is not technical inability but rather
control and information challenges that are difficult to overcome with classical
control methods. This section articulates these challenges and previews how
the thesis methods address them.

Traditionally, most building HVAC control are rule-based thermostat. For
instance, the temperature is kept constant at 21°C during the day but can
fall down to 18°C during the night. Such simple control scheme do not allow
for participation in demand response programs, which is the objective of this
thesis.

Demand response in buildings hinges on the ability to (i) predict the ther-
mal response to HVAC actions and exogenous conditions and (ii) encode this
response in an optimization model that arbitrages dynamic electricity prices
while preserving comfort and respecting equipment limits. From a modeling
perspective, this requires a mapping

(xt, ut, wt)→ xt+1, (2.5)

where xt collects indoor temperatures and other relevant states at time t, ut

denotes the HVAC control inputs, and wt represents exogenous disturbances
(weather, occupancy, internal gains). Model identification enters precisely at
the level of this mapping, either by parameterizing (simplified) physics-based
models or by learning data-driven surrogates. Physics-based models require
a complete knowledge of the building (layout, material, HVAC system) and
the expertise to understand the data. Some building parameters, such as the
materials resistance and capacitance, are intrinsically unknown due to aging
and installation process which may cause large error. Therefore, this thesis
focuses on data-driven models because of their versatility and their ability to
model nonlinear relationship. A review of existing models for building thermal
modeling is conducted in section 3.2.

Advanced data-driven building HVAC control follows a two-stage paradigm
called ITO. In the first stage, called identification, the building manager col-
lects months of historical building operation data. This data includes measure-
ments of indoor temperature, ambient temperature, solar radiation, occupancy,
and HVAC energy consumption. Using statistical methods, the building man-
ager learns a data-driven model that best fit the historical data. The goal is to
minimize prediction error on this historical data, often quantified as the MSE
between predicted and measured temperatures. Once the model is identified,
it is considered final and is used for all subsequent control decisions.

In the second stage, called optimization, the building manager uses the iden-
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tified thermal model to solve an optimal control problem. For example, the
optimization problem aims to find the HVAC setpoint trajectory over a day-
ahead horizon that minimizes electricity cost, subject to comfort constraints
(indoor temperature within acceptable bounds), physical constraints (HVAC
equipment limits), and the thermal dynamics described by the identified model.

In practice, model identification and optimization are strongly coupled. If
the model is inaccurate in operating regimes that are exploited for demand
response (e.g., aggressive pre-heating before a peak price period), then even
an optimal controller with respect to that model may perform poorly on the
real building. This motivates the use of ML not only for its versatile nonlin-
ear architectures, but also to learn models that are tailored to the downstream
control task. This is the overarching goal of this thesis.

2.7. Summary and Thesis Positioning

Buildings, and particularly their HVAC systems, represent an enormous, un-
derutilized flexibility resource that is essential for integrating renewable en-
ergy, managing modern distribution networks, and achieving net-zero carbon
emissions. HVAC flexibility is physically large, economically valuable, widely
distributed (thousands of buildings in every city), and technically mature
(most HVAC systems can be retrofitted with smart controls). Despite this
potential, current control methods (ITO) are not adapted because they sepa-
rate model identification and control optimization. This separation results in
model-reality mismatch and poor generalization to new operating regimes.

This thesis develops three interconnected contributions that enable better
utilization of building flexibility through improved ML and control methods.
The first contribution is DFL for simultaneous identification and control, en-
suring that learned models are optimized for the quality of demand response
actions rather than prediction accuracy. The second contribution is integration
of NN thermal models into optimization problems via SS, enabling end-to-end
training without requiring system differentiability. The building thermal mod-
eling can capture nonlinear dynamics while focusing on decision quality. The
third contribution is a probabilistic DFL framework that trains a context-aware
probabilistic RC model so that the thermal dynamics model evolves with en-
vironmental information such as weather and occupancy forecasts. Moreover,
this last contribution enables demand response actions robust to uncertain-
ties affecting thermal comfort. Together, these methods enable the shift from
passive buildings to grid-interactive, autonomous buildings that actively par-
ticipate in electricity markets and flexibility services, contributing to a reliable,
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efficient, and decarbonized energy system.
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CHAPTER 3.

Decision-Focused Learning for Convex Control
and Modeling of Building Thermal Dynamics

This chapter studies DFL for building thermal dynamics modeling and control
(convex policies only). The chapter starts with a quick summary of the context
and motivations that are detailed in chapter 1 and chapter 2. Then, we review
the literature about building thermal modeling and DFL (section 3.2). We
present the contributions of the chapter in section 3.3. Section 3.4 describes
the problem class, explains gradient computations necessary to learn the pa-
rameters, the loss function design for non-differentiable black-box systems, and
training robustness enabled by constraint relaxation. Afterwards, section 3.5
presents the case study. In particular, sections 3.5.2 and 3.5.4 describe the
specific optimization problem, and the loss function for the day-ahead HVAC
scheduling, respectively. We report the results in section 3.5.5. Section 3.6
discusses the results and limitations of the case study. Section 3.7 draws the
main conclusion and outlines directions for future improvements.

3.1. Motivation

Optimization is used to devise control policies such as for HVAC in buildings
[67], the guidance of vehicles [68], and the planning of complex dynamic sys-
tems such as day-ahead energy scheduling of active buildings [69], or energy
management systems for micro-grid users [70]. The optimization problem solu-
tion is the actions or decisions to apply to the system. However, an analytical
model of the system dynamics is always assumed to be known and formulated
within an optimization problem, usually as constraints. The necessity to have
an analytical model hinders control tasks where physics-based models are un-
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practical; either because the system is a black box, or physical models are far
too complex. Data-driven surrogates become impractical when system dynam-
ics change drastically due to a newly applied control policy, rendering prior
historical observations incomplete and minimally informative. Therefore, the
conventional two-stage ITO approach is inefficient.

This chapter addresses the ITO approach inefficiencies using the day-ahead
HVAC scheduling in buildings as a use case. HVAC scheduling becomes in-
creasingly important because of the roll-out of smart meters and dynamic elec-
tricity tariffs. The underlying goal of such dynamic (e.g., time-of-use) tariffs
is to prompt more flexibility at the consumption level to accommodate more
renewable-based, and thus often weather-dependent and uncertain, generation
(see subsection 2.4.3). Unlike lightning or essential equipment that needs to be
available on demand, HVAC can be scheduled and benefit from the building
thermal inertia to shift the consumption across the day. Consequently, build-
ing managers can save money and help network management by optimizing
HVAC operations.

3.2. Literature Review

3.2.1. Building Thermal Modeling
The goal of day-ahead HVAC scheduling is to find the optimal temperature set
point profiles for each building thermal zone to minimize the electricity cost
for the upcoming day, alleviate the potential strain on the power grid, and
ensure thermal comfort. Therefore, building management systems rely on a
thermal model of the building that relates the HVAC operation to the indoor
temperature.

Historically, the thermal model has always been assumed to be known. Most
HVAC models are physics-based (i.e., white-box) [71]. Physics-based models
rely on detailed information about a building’s physical characteristics, includ-
ing construction materials, insulation properties, and ventilation dynamics.
This category includes high-fidelity simulators such as EnergyPlus[17]. While
these models provide highly detailed representations of buildings [71], some
parameters, such as the materials resistance and capacitance, are inherently
uncertain due to factors like aging and variability in the installation process,
which can lead to significant errors [72]. Moreover, it requires expertise in
building thermal modeling, which may not be readily available at each build-
ing site. But, there also exist simpler models: aggregated (or lumped) RC
models. These models are linear and based on circuit analogy between heat
transfer and electricity. The parameters of these models can be computed
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based on the construction materials [73].
On the other end of the spectrum lies fully data-driven (i.e., black-box) models
that rely on statistical or ML techniques trained on historical weather and en-
ergy consumption data. These models range from simple linear regressions [74]
to highly complex nonlinear architectures, such as NN models. NN were widely
used for system identification [75], but cannot be easily integrated into opti-
mization models; otherwise, the problem becomes non-linear and there is no
guarantee on the solution quality [76], [77]. Furthermore, data-driven models
perform poorly out of their training zone [71]. This hinders day-ahead HVAC
scheduling applications since their goal is to explore the whole feasible domain
to find the best course of action. Reinforcement Learning (RL) has proven
to be effective for real-time set point control [78], emission minimization [79],
and peak demand reduction [80]. However, inputs and assumptions underlying
RL methods are often impractical. For instance, the active RL algorithm in
[81] assumes real-time measurement of the occupants’ clothing value, number,
and thermal comfort. A review concludes that model-based deep RL must be
favored to leverage some prior knowledge [78]. Similarly, the review by [82]
states that the gray-box models are the most promising.
Gray-box models involve physics-based formulation in which parameters are
obtained through data-driven techniques. Gray-box models require less data
than black-box models [83]. Among such models, the RC model (also named
lumped capacitance model or network model), a reduced order physics model,
has exhibited good performances for buildings where there is no important
indoor air convection [73]. Furthermore, the RC model is linear, thus lending
convexity to the optimization problem. However, estimating the parameters of
the model is challenging. A first option to estimate the parameters is to analyze
the building materials and select default tabular data. In addition to requiring
building blueprints, this method does not account for manufacturing disper-
sion (i.e., variations in product dimensions, properties, or performance due to
inconsistencies in the production process), the on-site installation process, and
the aging of materials. Therefore, data-driven parameter identification has led
to significantly improved RC models [84]. In [75], physics-informed NNs were
employed for control-oriented predictions. However, these NN approaches did
not consider day-ahead scheduling, which introduces fundamentally different
requirements. Table 3.1 summarizes the thermal modeling approaches1.

1A comprehensive review of the literature is provided in [10], Section III.
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Table 3.1.: Comparison of thermal dynamics modeling approaches.

Model Complexity Data
Requirement

Ref.

W
hi

te
bo

x High-fidelity
simulator

Very high Geometry,
materials,
weather

[17], [72],
[85]

Lumped RC
(known
R/C)

Low R and C [73]
G

ra
y

bo
x

Lumped RC
(parameter
fitting)

Moderate I/O
measurements for
R/C

[84]

Physics-
informed
NN

High Partial physics +
data

[75]

B
la

ck
bo

x NN Moderate Historical
input–output
data

[86], [87]

Regression
models

Low Historical system
data

[74]

3.2.2. Decision-Focused Learning

Aware of the limitations in estimating the parameters on historical data, we
learn the parameters in a task-aware manner. In [88], the authors were the
first to suggest training a ML model in a directed manner based on its impact
on the downstream decisions. The weights of the ML model that is used to
predict the uncertain parameters of the downstream optimization problem are
learnt to minimize the decision error induced by the parameters misestima-
tion. To that end, the authors established the gradient of the optimization
problem solution with respect to the problem parameters. This enables back-
propagation through the optimization problem. Only unconstrained quadratic
problems were considered. By allowing loss functions that depend explicitly on
downstream optimization decisions (and implicitly on the ML model output),
the calculation of optimization problem gradient paves the way for DFL. The
framework was then extended to stochastic quadratic problems [89]. Because
the gradient of unconstrained problems is easier to compute, the constraints
were relaxed in the objective function.
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Bounded Linear Programs (LP) may lead to zero-valued or undefined gra-
dient. Geometrically, the solution of LP belongs to the set of the vertices of
the feasible space polytope [90]. Consequently, an infinitesimal change in the
parameter values of the objective function has no impact on solution, i.e., the
solution remains on the same vertex. However, as soon as objective param-
eter changes become large enough, the LP solution jumps to another vertex.
This results in a piecewise constant objective function, leading to a gradient
that is either zero or undefined with respect to the objective parameters, mak-
ing it uninformative for gradient descent training. With respect to equality
constraints (and binding inequality constraints) parameters, the gradient is
defined almost everywhere, and undefined elsewhere. For Combinatorial Pro-
grams (CP), the discrete nature of the decision variables leads to zero-valued
gradient almost everywhere, and undefined elsewhere. The first method to
calculate the gradient of an LP is to calculate the gradient of its Karush-
Kuhn-Tucker (KKT) conditions. The gradient of the KKT conditions is also
null or undefined since the KKT conditions are an exact representation of the
same LP. To address this issue, the objective function can be augmented by
a L2 regularization of the decisions variables. This turns the LP into a strong
concave or convex quadratic program if it is a maximization or minimization,
respectively [23]. The second approach is to design a surrogate loss function.
Smart "Predict, then Optimize" Plus (SPO+) is such a convex function [91].
Interestingly, SPO+ extend beyond LP and can be applied to any optimization
problem with a linear objective function and linear, convex, and integer con-
straints. However, the uncertain parameters cannot appear in the constraints.
Moreover, SPO+ requires the optimal decisions to be known, which may not
always be the case. The third option for LP and CP is stochastic smoothing.
A random perturbation is applied to uncertain parameters to smooth the loss
function transition and, thus, create informative gradients from the otherwise
null and undefined derivative [19]. Unlike SPO+, the uncertain parameters
can appear in constraints.

Leveraging the differentiability of conic programs [92], Agrawal et al. demon-
strated how controller parameters within the objective function can be learned
assuming full knowledge and differentiability of the system, and observation
of the system dynamics [93]. It was applied to the forecasting of electricity
prices through wind power prediction [94]. It was also employed to split the
demand for flexibility from the transmission grid towards the flexibility of the
distribution grid assets [95].

Few prior works have simultaneously addressed system identification (i.e.,
learning constraint parameters, specifically the parameters of the dynamics
model) and optimization, nor have they considered scenarios where the con-
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trolled system is both unknown and non-differentiable. Tackling this challenge
requires a profound understanding of optimization and decision-focused learn-
ing theory, combined with extensive domain-specific expertise. There are only
three previous work that does not assume knowledge of the system dynamics
and differentiability:

• In [96], a convex surrogate for both the optimization problem and the
performance loss is constructed to train a ML forecaster. However, the
construction of the surrogate model requires knowing the true value of
the uncertain parameters.

• In [97], a differentiable Model Predictive Control (MPC) policy jointly
learns the thermal dynamics and optimizes HVAC operations. Even
though pioneering, their approach relies on linear thermal models that
yield convex optimization problems, limiting its applicability to more
realistic, non-convex building dynamics. Moreover, no other constraint
than the unknown thermal dynamics is considered.

• In [98], Cui et al. extend the approach of [97] to include a forecaster up-
stream of the convex optimization problem. They jointly learn the linear
thermal model and a forecaster predicting the thermal model residu-
als. The thermal model is kept unidimensional, even for the multi-zone
buildings considered in the case study, by weighted averaging.

Other applications of DFL include forecasting electricity prices [94] and opti-
mizing the allocation of flexibility between transmission and distribution grid
assets [95].

3.3. Contributions
This chapter presents three major contributions.

First, we leverage advances in DFL to perform complex system identification
and control simultaneously. Compared to [93] and [91], uncertain parameters
to be learned are within the constraints of the optimization control policy. Due
to end-to-end learning, the system model parameters are optimized for operat-
ing zones relevant to the control policy. This framework bypasses the need for
extensive high-quality historical database reflecting control data distributions
that are rarely available in practice.

Second, we formulate the performance loss that is necessary to compute the
quality of the decisions and backpropagate the gradient with respect to the
dynamics model parameters. Unlike in [93], we do not assume that the system
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is differentiable. The only requirement is for the system state variables used
in the system dynamics model to be observable. In addition, we introduce a
hierarchical loss to inform the learning about the HVAC system structure and
its impact on the objective value.

Third, training is made robust to infeasibilities by relaxing constraints on
the dynamics model output. Moreover, feasibility in the early stages of DFL
training is prompted by performing a warm-start with a model pre-trained on
historical data. A small noise is added on the parameters after pre-training to
get the model out of the local minimum while retaining a maximum of prior
knowledge.

The performance and relevance of the method is illustrated on the day-ahead
HVAC scheduling of a realistic 15-zone building located in Denver, CO, US [99].
We model the building using a multi-dimensional RC model. Furthermore,
the method’s robustness is evaluated under a distribution shift in the input
parameters. Specifically, we analyze the model’s performance metrics on a
dataset representing an exceptionally hot year, a scenario likely to become
increasingly common due to global warming.

3.4. A Method for Simultaneous System
Identification and Control

The proposed framework performs system identification and control simulta-
neously. To that end, we start by describing the addressed problem class, then
come the explanation about the gradient computation needed for updating the
parameters. Afterwards, we propose a DFL supervised loss that bypasses the
need for a differentiable system. Lastly, we address the infeasibility that may
arise during training. Figure 3.1 provides an overview of the proposed method.

3.4.1. Problem Class

Given a system with dynamics described by the unknown state transition func-
tion:

xt+1 = f(xt, ut, wt), ∀t, (3.1)

the goal is to learn the parameters θ of a proxy model f̂(x̂t, ut; θ) that represents
the system dynamics, while keeping the formulation of the control policy ϕ
convex (3.2). The known system state at a given time step t ∈ T is given
by xt ∈ Rn, the expected state by x̂t ∈ Rn, and the command or action by
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ut ∈ Rm. The true state transition function can be affected by some noise wt.
We do not make any assumption on wt.
A general formulation of the convex optimization control policy ϕ is given by:

ϕ(x0) = argmin
u

fo(x̂, u)

s.t. gi(x̂, u) ≤ 0 i = 1, ..., k, ∀t, (3.2)
hi(x̂, u) = 0 i = 1, ..., l, ∀t,
x̂t+1 = f̂(x̂t, ut; θ), ∀t.

To keep the problem convex, the equality constraints hi and f̂ must be affine
with respect to the optimization variables x̂ and u whereas gi must be convex.
The convexity of the problem is crucial for the gradient computation as ex-
plained in section 3.4.2. In addition, convexity guarantees that the solution is
the global optimum and offers tractable problems well handled by off-the-shelf
solvers.

Even though we focus on control optimization policy problems and state
transition functions, the proposed framework can be used to learn any param-
eters of a convex optimization problem.

3.4.2. Gradient Computation

We provide a brief explanation of CVXPYLayers in this section. The interested
reader can find more information in Appendix B.

Let us assume we have a scalar function L that quantifies the loss of perfor-
mance (i.e., the suboptimality) caused by the misestimated parameters θ. The
parameters θ can be learned while controlling the system with the policy ϕ by
minimizing L. This requires computing the gradient ∂L

∂θ
. Then, θ can be up-

dated iteratively by any gradient-based optimization algorithm. Misestimating
θ leads to suboptimal commands u that are responsible for the performance
loss. By applying the chain rule, the gradient becomes:

∂L
∂θ

=
∂L
∂u

∂u

∂θ
. (3.3)

The first factor accounts for the performance loss caused by a variation of the
commands u. The second factor creates the need for differentiating through
the optimization problem. More specifically, the impact of a variation in the
optimization parameters θ on the optimization output u must be determined.

An optimization problem can be considered as a mapping O : Rp → Rn be-
tween its parameters and the optimal solution. Differentiating such a problem
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is challenging because of the complex and implicit mapping definition. More-
over, some classes of constrained programs, such as the linear programs, define
piecewise-constant mappings in which the gradient is often null or nonexistent
[11].
A general framework, named CVXPYLayers, is able to differentiate conic pro-
grams [92]. Since any convex program can be recast as a conic program [100],
CVXPYLayers is very versatile. A conic program is of the form

min
x

cTx (3.4)

s.t. b− Ax ∈ K,

where (A, b, c) ∈ (Rm×n,Rm,Rn) are the parameters of the problem, x ∈ Rn

is the primal decision variable, K ⊆ Rm is a nonempty, closed, convex cone.
Under the assumption that (3.4) has a unique solution, its gradient can be
computed. Solving a conic program can be done in three steps.

1. The data parameters (A, b, c) are used to build the corresponding skew-
symmetric matrix Q [101], [102].

2. The self-homogeneous dual embedding problem, which reformulates the
KKT conditions of the original conic program into a single system of
equations and incorporates the matrix Q, is solved by finding a root
(i.e., a zero) to its normalized residual map s [103]. The residual map
is a function that quantifies the difference (or residual) between the cur-
rent solutions of the primal and dual problems and the optimal solution.
Therefore, it guides the search for the optimal solution, directing the
optimization process.

3. The solution z is retrieved by R and mapped to a valid solution of the
original problem.

Therefore, the mapping O can be seen as the composition of three submappings
R ◦ s ◦Q. By the chain rule, we have

DO(A, b, c) = DR(z) Ds(Q) DQ(A, b, c) (3.5)

with D, the derivative operator. The derivative of Q is straightforward since
A, b, and c appear explicitly in its formulation. The derivative of the root-
finding problem s is obtained via implicit differentiation. The derivative of
the retriever R relies on the derivative of the euclidean projection of the self-
homogeneous dual embedding solution z onto the feasible cone K⋆ associated
with the dual of the original conic problem (3.4) [92].
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3.4.3. Performance Loss for Non-Differentiable System

As established by (3.3), the gradient of the performance loss with respect to
the parameters θ must be defined and exist. The ideal loss prescribed in the
literature is the regret Lr (3.6) [11], [91]. The regret assesses the objective
value loss at optimality (marked by ∗) caused by the error between the actual
θ and its estimator θ̂:

Lr = f ∗
o (θ̂)− f ∗

o (θ). (3.6)

However, the definition of regret assumes the actual value of θ is known. Other
loss functions have considered the transition state function f (3.1) as fully
known and differentiable [93].

Many physical systems must be considered as black boxes, and thus non-
differentiable, because of their inherent complexity and the unbearable cost
to build an accurate system model. The gradient of black-box model can
be estimated via simultaneous perturbation stochastic approximation [104].
However, it is unpractical if the system environment conditions are evolving
(e.g. the weather) making the repetition of different commands in the same
conditions impossible.
Consequently, we design a novel performance loss LDFL that does not assume
any knowledge about the system:

LDFL = Ls(x̂, x), (3.7)

where Ls refers to any supervized loss such as the MSE loss or the Mean
Absolute Error (MAE) loss. The loss LDFL computes a statistical metric on
the error between the expected system state x̂, as predicted by the optimization
model, and the actual observed realisation x. Similar to supervized learning,
there is a target value, x, to which no gradient is attached. We refer to LDFL

as the supervized DFL loss. Unlike traditional methods that rely solely on
historical data and remain agnostic on the downstream control policy, our
approach benefits of more informed sampling of the input space u. This allows
the state-transition model to allocate its modeling resources more effectively.
Consequently, input regions that are critical to the control policy are modeled
with greater precision, enabling even simple models to achieve high accuracy.

Interestingly, the regret Lr and the supervized DFL losses LDFL do not
pursue the same objective. On the one hand, the regret Lr trains the parameter
θ̂ to bring the obtained objective value as close as possible to the objective value
obtained with perfect knowledge of θ. On the other hand, the supervized DFL
loss aims at improving the ability of the state transition proxy model f̂ to
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match the true outcome. Notably, all performance losses would be the same if
f̂ is an error-free approximation of f .

3.4.4. Robustness to infeasibility

The updates of the constraint parameters by the SGD may lead the optimiza-
tion program to become infeasible. A small number of infeasible optimiza-
tion problems over a full training epoch may not be an issue if the remaining
solvable samples update the parameters in a way which restores feasibility.
However, such an approach lacks robustness. Therefore, we relax the con-
straints bounding the output of the system state model and formulate them
as a quadratic regularization term in the objective function. To that end, the
state model output is associated with a target value Xg. The target value
is the desired state for the system and is chosen by the control policy de-
signer. For example, the target value for the indoor temperature might be set
to 21°C (70°F). A weight w defines the importance of meeting the target value.
In addition to preventing infeasibility, the quadratic regularization term can
transform linear programs into strongly convex quadratic programs, which,
unlike linear programs, provide a non-null (and thus informative) gradient:

ϕ(x) = argmin
u

fo(x, u) + w ∗ (x−Xg)2

s.t. fi(u) ≤ 0 i = 1, ..., k ∀t, (3.8)
hi(u) = 0 i = 1, ..., l ∀t,
x̂t+1 = f̂(x̂t, ut; θ), ∀t.

In addition, we propose a pre-training stage where the dynamics model is
trained on historical data. It provides the policy with an initial estimate of
the dynamics model parameters, which improves feasibility in the early stages
of training. However, minimizing a task-agnostic loss on historical data may
lead the pre-training to converge to a local minimum of the supervised DFL
loss. Escaping this local minimum might require using a large step size in
the gradient descent algorithm, which could harm training convergence. To
address this, we apply calibrated Gaussian noise to the pre-trained parame-
ters. The intensity of the noise must be carefully selected to retain as much
pre-training information as possible while helping the model escape the local
minimum.
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3.5. Building Thermal Modeling and
Day-ahead Control

We demonstrate the effectiveness of our method on the hourly day-ahead
HVAC scheduling of a three-floor medium office building with 15 conditioned
zones. We aim at learning the parameters of a multi-zone RC formulation
modeling the building thermodynamics, while optimizing HVAC scheduling.
In this section, we start by describing the building. The formulation of the
optimization problem follows. Then, the data and their preprocessing are pre-
sented. Afterwards, we report and analyze the results of the proposed approach
before comparing it to the conventional two-stage ITO performances. Finally,
we assess the robustness of the model to distribution shift of the input data.

3.5.1. Building Description

Top: Floor 3

Mid: Floor 2

Bottom: Floor 1

Building

Core
1660 m2

Perimeter
Zone 1
569 m2

Perimeter
Zone 2
360 m2

Perimeter
Zone 4
360 m2

Perimeter
Zone 3
569 m2

Each Floor

AHU

Cooling
Coil

Heating
Coil

Air
Flow

Reheat
Coil

Outdoor
Air

Return
Air

Figure 3.2.: The building is made of three similar floors. Each floor has its
own variable volume Air Handling Unit (AHU) responsible for the
thermal comfort of the five zones (four perimeter zones, and one
core zone).

The building model is provided by the U.S. Department of Energy as part
of EnergyPlus [17]. EnergyPlus is a state-of-the-art physics-based high-fidelity
simulator for buildings. The building is an office building of 4928 m2 (53,628 ft2)
assumed to be located in Denver, CO. It comprises three floors of six zones
each, only five being thermally controlled. The sixth zone is a plenum that
contains the ducts transporting the conditioned air. Each floor is equipped
with an AHU. An AHU is an equipment that centrally conditions the air (ei-
ther cooling or heating) before distribution to the zones via the duct network.
The AHU is also responsible for the ventilation of the zones. The system in
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this building is a variable air volume system with reheat. The air flow rate
reaching each zone can be modulated individually and, if necessary, the air
can be heated just before entering the zone. Figure 3.2 provides a layout of
the building floor and the AHU architecture. We make two assumptions with
respect to the original template:

1. we replace the gas-fired heating coil of the AHU with an efficiency of
81 % by an electrical coil with an efficiency of 100 %;

2. we divide the AHU electricity consumption proportionally to the air mass
flow rate of each zone served by the AHU, while the reheat coil electricity
consumption is associated with the zone it supplies.

The building features a conventional occupancy schedule for offices; most of
the activity takes place during weekdays from 7am to 6pm.

3.5.2. Control Formulation
The control problem aims to find the temperature profile for each zone τ in

t,z that
minimizes the electricity cost of HVAC for both heating and cooling while en-
suring thermal comfort (3.9). The set of zones and time steps are Z (with
cardinality Z, index z) and T (with cardinality T , index t), respectively. The
electricity price consists of two terms. The first term (i) is the demand charge.
The demand charge is proportional to the daily power consumption peak pd

and cost λd. The demand charge reflects the cost of network infrastructure to
supply the requested power. The second term (ii) is the cost for the energy
consumed over the time step pi

t at price λi
t following the time-of-use tariff.

Finally, the regularization term (iii) guarantees the problem feasibility, even
during DFL. The regularization term penalizes the deviation of the indoor
temperature τ in

t,z from the target T tgt
t,z with a quadratic term. The weight wt,z

adjusts the penalty incurred for thermal discomfort (i.e., the indoor tempera-
ture deviation from the target value) through the zones and time, for example,
based on the occupancy.

min
τ in

pdλd

︸︷︷︸
(i)

+
T∑
t=0

pi
tλ

i
t︸︷︷︸

(ii)

+
Z∑

z=0

wt,z(τ
in
t,z − T tgt

t,z )
2

︸ ︷︷ ︸
(iii)

∆t (3.9)

The RC model in (3.10) accounts for multi-zonal building dynamics, where
matrix α ∈ RZ×Z represents inter-zonal heat transfer, vectors R ∈ RZ and
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C ∈ RZ are zonal lumped resistances and capacitances, and vectors ηh ∈
RZ and ηc ∈ RZ are heating and cooling efficiencies, which include thermal
losses of the duct system. For the 15-zone building, the RC model features
285 parameters. The parameters θ = (α, ηc, ηh, R, C) will be learned while
scheduling the HVAC system.

τ in
t+1 = ∆t

(
ατ in

t +

(
ηhph

t − ηcpc
t

)
C

+
(τ amb

t − τ in
t )

RC

)
∀t (3.10)

The initial conditions are given by:

τ in
0,z = T in

0,z ∀z. (3.11)

For each zone, the HVAC capacities for cooling P
c
t,z and heating P

h
t,z are de-

termined based on historical data. The constraints are imposed at the zonal
(3.12) and floor (3.13) levels. The floor level constraint is essential to capture
the maximum consumption of each AHU while the zonal constraint limits the
amount of energy that can be dedicated to a specific zone. The set of floor is
F with cardinality F , and index f . Each floor f is a set containing the zones
z of that floor.

pc
t,z ≤ P

c
t,z, p

h
t,z ≤ P

h
t,z ∀t, z (3.12)∑

z∈f

pc
t,z ≤ P

c
t,f ,

∑
z∈f

ph
t,z ≤ P

h
t,f ∀t, f (3.13)

We define the HVAC electricity power as the sum of the cooling and heating
electricity powers (3.14). Eq. (3.15) maintains the energy balance. In this
reduced form, the HVAC electricity must be purchased from the grid.

phvac
t,z = ph

t,z + pc
t,z ∀t, z (3.14)

Z∑
z=0

phvac
t,z = pi

t ∀t (3.15)

Constraint (3.16) defines the power peak demand as being greater than all
power demand. Because the peak demand directly increases the electricity
cost, this constraint is equivalent to pd = max {pi

t : t ∈ T}, but it avoids making
the problem bilevel.

pd ≥ pi
t ∀t (3.16)
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Finally, the power imported from the grid must be inferior to the line capacity
P

i. This is equivalent to imposing the peak power demand to be inferior to P
i

(3.17). All power levels must be positive (3.18).

pd ≤ P
i (3.17)

pc
t,z, ph

t,z, pi
t ≥ 0 ∀t, z (3.18)

3.5.3. Datasets and Clustering

To simulate building heat transfers, two typical meteorological datasets are
used. A typical meteorological dataset is a representative year of hourly
weather data for a specific location, compiled from long-term observations.
The first dataset is used as input to generate one year of historical data with-
out any optimal scheduling. The second dataset provides weather scenarios
for the scheduling optimization. Since optimizing and simulating the daily
schedule for the 365 days of the year is burdensome, we perform a k-medoid
clustering on the 365 days of weather data in the second dataset. The k-
medoid algorithm is preferred to the k-mean algorithm to avoid the creation
of fictitious average data. We focus on the ambient temperature because it is
the only weather measurement necessary to the RC model (3.10). First, we
identify three extreme days: the coldest, the hottest, and the day with the
highest temperature variance. These three days are three fixed medoids of
our medoid search. Then, we look for seven additional medoids to obtain the
best partition of the space. The resulting temperature profiles of the k-medoid
algorithm are given in Figure 3.3. The cluster means and standard deviations
are reported in Figure 3.4.

3.5.4. Hierarchical Performance Loss

As seen in section 3.4.3, we can define any supervized DFL loss for learning the
parameters θ = (α, ηc, ηh, R, C) over the ten daily scenarios selected. In this
specific case, the command is the indoor temperature profile for each zone τ in

t,z

since it is the input of the thermostat. Therefore, the DFL loss focuses on the
difference between the expected and the ex-post HVAC power consumptions.
The underlying goal is to accurately capture the impact of HVAC power pre-
diction errors on the objective value. Because the HVAC power phvac appears
linearly in the objective function, we use a linear performance loss, the MAE.
Furthermore, we weight the loss at each time step with the all-inclusive price
coefficient λi,d

t that adds the peak demand price λd
t to the energy prices λi

tfor
the time step with the highest ex-post power. Otherwise, λi,d

t and λi
t are equal.
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Figure 3.3.: Ambient temperature profiles of the ten medoids. The three first
labels are extreme scenarios.

Finally, we leverage hierarchical loss. By order of importance, we minimize
the error for (i) the whole building to obtain an accurate expectation of the
electricity bill; (ii) each AHU which means for the sum of the five zones at
each floor f ; (iii) each zone z.
The final loss function is given by (3.19). The number of zones at each loss
level is used to weight the importance. The building encompasses 15 zones
(wb = 15) while each floor features five zones (wf = 5 ∀f).

LDFL =
1

T

T∑
t=0

λi,d
t

(
wb ·MAE

(
p̂hvac
t,b , phvac

t,b

)
+ wf

F∑
f=0

MAE
(
p̂hvac
t,f , phvac

t,f

)
(3.19)

+
Z∑

z=0

MAE
(
p̂hvac
t,z , phvac

t,z

))

where p̂hvac
t,f =

∑
z∈f p

hvac
t,z is the HVAC power of floor f and p̂hvac

t,b =
∑Z

z=0 p
hvac
t,z

is the HVAC power of the whole building.
Note that the proposed supervized DFL loss introduces an outcome feed-

back loop in our bilevel calibration model for our linear thermal model [105].
The optimizer uses current parameters θ to set optimal temperatures, which
EnergyPlus simulates into real power use phvact,z . The prediction error then re-
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Figure 3.4.: Mean and standard deviation of the medoids. They are ordered
to form a smooth cycle.

fines θ via LDFL, looping back through outcomes. This risks measurement bias,
as it tunes the model to its own optimized paths, potentially missing broader
dynamics. Yet the feedback converges to an optimum outperforming model
identification on historical data. This aligns with DFL, where model updates
directly optimize decision quality rather than prediction accuracy alone. In
practice, we approximate of the loss as

∇θLDFL
(
p̂hvac
t,z (θ), phvac

t,z (τ in(θ))
)
≈ ∇θLDFL

(
p̂hvac
t,z (θ), phvac

t,z

)
. (3.20)

Nevertheless, a formal study of the approximation made by neglecting ∂phvact,z /∂θ
and the self-stabilization behavior under operational policies would strengthen
the method.

3.5.5. Results
Our goal is to learn the parameters θ = (α, ηc, ηh, R, C) that define the building
heat transfers (3.10). We initialize the algorithm by the pre-training. During
this warm-start period, the parameters are trained over the 365 days of the
first typical weather file using an MSE loss. Then, an element-wise Gaussian
noise N ∼ N (0, θi/25), which corresponds to a Signal-to-Noise Ratio (SNR)
of 625 (i.e., 252), is applied independently on each element of the parameter
vector. This operation aims at getting the RC model out of the pre-training
local minimum while retaining a maximum of information.

Afterwards, we enter the DFL stage. The DFL training set is made of ten
representative days obtained via clustering. In addition, we sample randomly
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in each cluster two days to form a validation set and a test set of ten days. We
consider solving and simulating the solution once for each of the ten training
problems as a training epoch of ten samples. Each problem is solved using the
ECOS solver since it was reported to be the best performing solver for conic
DFL [94]. Cvxpylayer computes the gradient of the optimization problem and
PyTorch performs the backpropagation. As soon as a sample (i.e., a day) has
been solved and simulated, the parameters are updated (i.e., pure Stochastic
Gradient Descent (SGD)). To facilitate learning, we order the days to form
a smooth cycle when looping over the epochs as depicted by Figure 3.4. We
initialize Adam, a gradient-based optimization algorithm, with a learning rate
at 0.001 and a polynomial decay of γ = 0.9 [106]. We set the maximum
number of epochs to 50 with an early stopping featuring a 10-epoch patience.
Figure 3.5 represents the whole process.

The time-of-use tariff is a rectangular function similar to the two-rate tariff
proposed by Walloon main DSO ORES until 2025 [107]. From 7pm to 6am
(excluded) the price is 0.3 e/kWh. It rises to 0.6 e/kWh from 6am to 7pm (ex-
cluded) as depicted by Figure 3.6. The increase highlights the higher demand
during the day.

00:00 06:00 12:00 18:00 00:00
Time
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0.4
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Figure 3.6.: Time-of-use tariff with an appreciation of electricity from 6am to
7pm.

The performances of the DFL training are presented in Figure 3.7. Overall,
the training and validation metrics follow very similar trends. This suggests
that ten medoids are sufficient for the model to generalize effectively. The first
plot displays the evolution of the loss over the training epochs. The training is
interrupted after 44 epochs by the early stopping because the minimum value
for the validation loss is reached at the 34th epoch. Both the training and
validation losses tend to decrease until the 34th epoch before leveling off. At
epoch 34, the training and validation losses stand at 252 and 248, respectively.
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Figure 3.7.: (a) The DFL supervised loss (hierarchical weighted MAE) con-
verges at much lower levels than initially; (b) the error mean con-
verges towards zero and the standard deviation reduces; (c) the
expected cost becomes a more accurate prediction of the ex-post
cost while diminishing.
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The center plot (figure 3.7.b) shows the evolution of the error, assuming a
Gaussian distribution. After about five epochs, the error mean converges
around 0 with a standard deviation at about 2.5 kW. Then, the error mean
ripples slightly until the 25th epoch where it stabilizes at 0.15 with a standard
deviation of 2.35. The training and validation sets exhibit very similar trends.
The last plot displays the evolution of the expected and ex-post electricity costs
for the training and validation sets. The expected and ex-post costs are very
volatile over the first half of the training. Over the second half, the expected
and ex-post costs level off at about 450 e and 455 e, respectively. The bill
prediction of the day-ahead planning is therefore accurate. It is worth noting
that the training converges at the minimum ex-post cost over all epochs.
In conclusion, when surveying simultaneously the three metrics, the set of pa-
rameters obtained at the end of the 34th epoch offers the highest performance.

In comparison, the ITO model performs extremely poorly. The RC param-
eters of the ITO model were found by minimization of the MSE. Nevertheless,
the MSE reported in Table 3.2 indicate clearly that the DFL model at the
34th epoch is better for each data set: training, validation, and test. The two
models show very consistent metrics across the three data sets.
The hierarchical loss of the ITO test set stands at 652, more than two and a
half times the value of the DFL model (253). However, the MAE is slightly
lower for the ITO model, rising from 2.66 for the ITO model to 2.94 for the
DFL model. This can be explained by the hierarchical loss that does not aim
at minimizing the prediction error at the zonal level. The test set average error
of the ITO model stands at -1.81 kW with a standard deviation of 2.39 kW.
Since, on average, the expected power is much lower than the ex-post power,
the electricity cost is underestimated. The expected cost is 85 e for an ex-
post cost at 474 e. It represents a prediction error of 389 e. In contrast, the
DFL model achieve a prediction error of 16 e. Very interestingly, the ex-post
cost of the DFL model (468 e) is lower than for the ITO model (474 e). The
foremost hindrance to DFL is the heavy computational burden associated with
training. On a personal MacBook Pro, equipped with an Apple M1 Pro chip
and 32 GB of memory, the DFL training took 7 hours compared to 16 minutes
for the conventional supervized learning.

The scheduling of the building lower floor on the coldest day is shown in
Figure 3.8. The upper part displays the temperature profiles within the five
zones. The blue shades correspond to a given penalty per hour for deviating
from the 21°C target. The discomfort penalty is the lowest during the night,
from midnight to 7am, and the highest during the conventional working hours,
reflecting the higher occupancy.
Overall, and aligned with the discomfort penalty, the temperature profiles stay
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(a)

(b)

(c)

Figure 3.8.: Scheduling for the coldest day obtained by the DFL RC model
at epoch 34. Subfigures are (a) the zonal indoor temperature of
the top floor; (b) the zonal HVAC electric power of the top floor,
and (c) the aggregated HVAC power for the whole building and
each floor. The blue shades indicate the temperature deviations
causing an objective value penalty lower than a given threshold.
Temperature control is more loose during the night and evening
because of the worker absence. The mismatch between the ex-
pected and ex-post HVAC powers in (b) can be explained by the
intrinsic RC model limitations and the task-aware loss which gives
little importance to accurate zonal predictions.
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ITO DFL
Train. Val. Test Train. Val. Test

Hierarchical loss 655 646 652 252 248 253
MAE (kW) 2.68 2.62 2.66 2.93 2.87 2.94
MSE (kW2) 16.8 16.6 16.7 15.4 14.6 15.6
Error mean (kW) -1.85 -1.86 -1.81 0.15 0.12 0.08
Error std (kW) 2.34 2.28 2.39 2.35 2.27 2.38
Expected cost (e) 82 75 85 454 446 452
Ex-post cost (e) 478 474 474 456 455 468
Cost error (e) 395 398 389 2 8 16
Training Time 16 min 7h02min

Table 3.2.: Performances of the ITO model versus the DFL model at epoch 34.

close to the target of 21°C during the day, with greater deviations occurring
in the evening and night. Still the deviations remain within admissible ranges.
The electric power scheduling of the HVAC is shown in the lower two-thirds
figure. The zonal electric power scheduling in subfigure 3.8.b is quite inaccu-
rate. This can be explained by the hierarchical loss, which focuses primarily
on having a precise day-ahead scheduling of the whole building. This is de-
picted by subfigure 3.8.c where the power trends are much better for the floor
level and the entire building. At the building level, the attempt to shift the
HVAC consumption towards cheap electricity stands out. Indeed, the HVAC
consumption is high during the night, from 2am to 8am, and peaks again to-
wards the end of the day, when the price of electricity goes down. The RC
model is a linear approximation of the dynamics considering only the previous
time step. Moreover, the outdoor temperature is the only weather input. Con-
sequently, the limited modeling capability and input of the RC model, along
with the complexity of the building’s heat transfers, are responsible for the
remaining inaccuracies. The real-time adjustment to the model inaccuracies
and the changing conditions should be handled by a real-time controller.

3.5.6. Ambient Temperature Shift

We investigate the robustness of the proposed framework to the input distri-
bution shift. In particular, we assess the model response to a hot year. We
build the hot year by selecting the hottest sample from each cluster. For the
sample associated with the hottest cluster, we add two Celsius degrees on top
of the hottest day, assuming record-breaking temperatures. Figure 3.9 com-
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Figure 3.9.: Ambient temperature distribution of each data set. Whiskers rep-
resent minimum and maximum temperatures.

pares the ambient temperature distribution of the four data sets. The average
and maximum ambient temperatures in the hot year set are higher than in any
other set. The average is 2°C higher for the hot-year set than for the training
set, thus reflecting a distribution shift.

Table 3.3 shows the metrics of the ITO and DFL models over the hot year
data set. The results show a slight performance degradation for both models
compared to the randomly sampled test set. Performance degradation is ex-
pected because the hot year data distribution is purposely different from the
previous distribution.
The hierarchical loss stands at 685 (+5.1% compared to the test set) and 271
(+7.1%) for the ITO and DFL models, respectively. The error standard devi-
ation remains virtually unchanged. The mean, however, worsens for the ITO
model but improves for the DFL model. This results in a greater cost error
for the ITO but not for the DFL.
Overall, DFL outperforms ITO and is less affected by input distribution shift
than the ITO model.

3.6. Discussion

The proposed DFL strategy outperforms the ITO approach. The naive ITO
framework that consists in MSE minimization over historical data leads to
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ITO DFL

Hierarchical loss 685 271
MAE (kW) 2.76 2.95
MSE (kW2) 18.3 15.8
Error mean (kW) -1.96 0.1
Error std (kW) 2.39 2.39
Expected cost (e) 79 467
Ex-post cost (e) 500 482
Cost error (e) 420 15

Table 3.3.: Metrics of the ITO model and the DFL model over a dataset rep-
resenting a distribution shift towards higher ambient temperature
(i.e., hot year).

extremely poor dynamic model for day-ahead scheduling. In particular, the
RC model is unable to appropriately fit the operating areas relevant for the
control policy. This leads to potentially severe electric power scheduling un-
derestimation resulting in unexpectedly high ex-post bills. In the case study,
the ex-post cost was on average 6 times higher than the expected cost for the
ITO model. This raises important questions about the use of RC model for
the day-ahead HVAC scheduling, at least within an ITO framework.

To address potential concerns about baseline selection, we note that the ITO
approach with RC modeling represents a standard supervised learning baseline
for data-driven control. Yet, it systematically fails to capture tariff-aware
operating regimes. Other benchmarks, such as the sophisticated rule-based
control per ASHRAE Guideline 36, slightly underperform optimization-based
control without even considering variable electricity prices [108]. It is therefore
unlikely that such a benchmark will offer a better comparison.

In contrast, the proposed DFL approach significantly improves both the ac-
curacy of the bill prediction and the cost reduction. All error metrics show
improvement, except for the MAE. However, the DFL approach is much more
computationally demanding. The DFL duration before triggering the early
stopping is about 7 hours compared to 16 minutes for the ITO approach. This
is due to the DFL need to solve, for each sample, the day-ahead HVAC schedul-
ing optimization problem and simulating the results. Furthermore, software
for DFL are not as mature as the ones for supervized learning. Future software
development for DFL will likely harvest the power of parallel computing and
new hardware leading to significant time reduction. In this specific case, due to
the linear formulation of the optimization, the computational burden mainly
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lies with the simulation. We recommend considering using a reduced-order
physics model of the simulator in the initial training steps. Since training is
performed once and offline, longer time is not prohibitive.

A practical limitation of the proposed approach is the accessibility of high-
quality training data in real-world applications. In this study, we relied on
the high-fidelity EnergyPlus simulator, which provides detailed and consistent
trajectories of building dynamics, control actions, and energy costs. Such data
are extremely valuable because they enable systematic exploration of the op-
erating space and generation of large datasets at low cost once the model is
available. However, in operational settings, similarly rich data can be difficult
to obtain. Even though our data usage remained sparse (ambient tempera-
ture, indoor temperature of each zone, cooling and heating consumption of
each HVAC unit, and air volume injected in each zone), many sensors are nec-
essary and hindrances are frequent (e.g., sensor outages, incomplete metering,
limited historical records, or confidentiality constraints on building and tariff
information). This suggests that, while the proposed framework works effec-
tively for simulation-based environment and offline training, its deployment in
practice will likely benefit from hybrid strategies combining measured data,
calibrated digital twins, transfer learning, or reduced-order surrogate models
to mitigate data scarcity.

Finally, we showed that the model is robust to an input data shift towards
higher temperature, a proxy for climate change impacts on building loads.
Regarding robustness to price signals, the current case study employs a fixed
time-of-use tariff, which the DFL policy captures effectively. However, un-
der fully dynamic pricing (e.g., day-ahead market prices or 5-min locational
marginal prices), retraining or online adaptation may be required, as the pol-
icy is implicitly tuned to the training tariff structure. This could be tested
by using dynamic price trajectories drawn from historical day-ahead/intraday
markets, evaluating ex-post cost degradation relative to ITO and rule-based
models.

3.7. Conclusion

This chapter presents a new framework that enables simultaneous identification
and control (or planning) of a complex system. This is of particular interest
for black-box systems in which dynamics change radically once the control
policy is applied, thus making the historical observation little informative.
The method exploits recent advances in decision-focused learning, and more
specifically, in the calculation of the gradient of cone programs. The gradient of
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the convex optimization control policy output (i.e., the command) with respect
to the policy parameters (e.g., the system dynamics model parameters) can
be computed. Because a key constraint of the control policy is being learned,
the feasibility domain evolves at each gradient descent step. We handle the
potential infeasibility by relaxing the constraints on the system states and
pre-learning the uncertain parameters on historical data. Furthermore, we
propose a new type of loss function that bypasses the need for the system to
be differentiable. Not only is this necessary for black-box systems, but also for
actual physical systems that cannot be easily modeled.

We apply the proposed approach to the day-ahead HVAC scheduling of a
15-zone office located in Denver, CO. This case study showcases the efficient
learning provided by our framework, and the ability to design complex task-
aware loss functions to reflect the impact of the parameter misestimation on
the objective value. The results show unambiguously the added value of simul-
taneous system identification and planning by displaying a lower ex-post cost
along with a more accurate price forecast and a reduced error on the day-ahead
HVAC scheduling.

However, to keep the scheduling problem convex and thus differentiable, the
thermal model must be linear. The linear approximation limits the accuracy
of the model and the applications. Therefore, in the next chapter, we leverage
piecewise linear approximation to provide a more detailed model for building
dynamics. Such piecewise models turn the optimization formulation into a
MIP, which brings new challenges in the computation of the gradient.
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CHAPTER 4.

Decision-Focused Learning for Non-Convex
Control and Nonlinear Modeling of Building

Thermal Dynamics

In chapter 3, we developed a DFL framework to simultaneously identify and
control complex systems. The main shortcoming of the method is the necessity
to have a convex control policy that enables differentiation of the optimization
problem. Consequently, thermal models were limited to linear approximation
since they appear as an equality constraint of the control problem. In this
chapter, we extend the applicability of the idea to nonlinear thermal model
which requires to obtain a gradient flow through a non-convex optimization
program. We start with a motivation for the work in this chapter followed by
a brief review of the literature and the contributions (section 4.1). In section
4.2, we describe the HVAC MS model, including the reformulation of NN as
a set of mixed-integer linear constraints, and the derivation of the resulting
MILP problem. In section 4.3, we introduce the case study and evaluate the
performance of thermodynamic models of increasing complexity, from the RC
linear model to the NN model. We compare the effectiveness of training these
models in ITO and DFL fashions. In addition, we analyze the impact of the
proposed tight formulation of ReLU, the standard deviation of the noise, and
the number of samples on our DFL strategy. Finally, we summarize the key
findings and outline the potential directions for future research in section 4.4.

4.1. Introduction

A major opportunity to leverage HVAC flexibility is the participation in the
day-ahead electricity market, the main platform for trading electricity between
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grid actors. In Europe, this market is cleared daily, setting electricity volumes
and prices for each quarter of hour of the following day since September 2025.
This timeline aligns naturally with the slow thermal dynamics of buildings,
where temperature adjustments from HVAC decisions and external conditions
unfold gradually over time. Capturing these effects is crucial to maintain
occupants’ comfort [109].

Based on our willingness to account for nonlinear dynamics and the review
conducted in section 3.2, we decide to focus on NNs. NNs can capture complex
patterns with a limited manual modeling effort, and will thus be used in this
chapter. To fully exploit the capabilities of NN models for HVAC control, it is
essential to unify modeling and control tasks within a single framework. Such
an integrated approach would allow HVAC systems to make energy-efficient
planning decisions while maintaining occupants’ comfort.

A first promising avenue is to model the control policy by a NN that outputs
control decisions, allowing it to internalize the building dynamics. Tradition-
ally, such NNs in real-time control are trained using RL [81], which directly
optimizes decisions through interaction with the environment. Alternatively,
self-supervised learning can be employed, but, similarly to RL, it often lacks
guarantees on solution quality, especially in the presence of hard physical and
operational constraints. For example, the method in [110] ensures feasibility
but not optimality and cannot be applied to discrete problems, while exten-
sions to mixed-integer nonlinear programming fail to guarantee either feasibil-
ity or optimality [111]. Self-supervised methods such as Primal-Dual Learning
[112] and deep Lagrangian dual networks [113] improve feasibility by integrat-
ing dual information of the underlying optimization. However, Primal-Dual
Learning relies on iterative dual updates and may struggle with nonconvex or
stochastic problems, whereas the approach in [113], which predicts solutions to
the AC-OPF problem, is designed around problem-specific structures, which
prevents generalization to settings with uncertainty or combinatorial decision
variables.

A second promising avenue is provided by NN-constrained optimization,
where the learned thermal model, represented by a NN, is embedded directly
into mathematical optimization as a set of constraints. This approach merges
the expressiveness of NN with the stability and decision quality of constrained
optimization. It has been shown that, by using a feedforward NN with ReLU,
the constraints can be exactly encoded as a set of Mixed-Integer Linear (Mixed-
Integer Linear (MIL)) equations [27].

In this chapter, we formulate the day-ahead HVAC Management System
(MS) as an NN-constrained optimization problem. The NN, which models the
building’s thermal dynamics, is encoded precisely as a set of mixed-integer
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linear constraints within the optimization problem, enabling the optimization
model to incorporate learned dynamics while ensuring decision quality and
feasibility.

Û Scope Clarification

There are two main changes with respect to chapter 3:

• the thermal model must capture the nonlinear dynamics of the
building and its HVAC system, no more linear approximation;

• the resulting scheduling problem is not convex which prevents dif-
ferentiability by existing tools.

4.1.1. Literature Review
Although NNs offer strong modeling capabilities, their inherent approximation
errors can propagate into suboptimal energy management decisions. Tradi-
tional ML models are trained to minimize statistical metrics such as MSE,
thus overlooking how the learned model affects downstream control decisions.
In contrast, DFL aligns ML training with optimization objectives to improve
decision quality [114]. DFL typically relies on gradient-based training methods.
The core challenge in this approach is two-fold: (i) computing the sensitivity
of the optimization problem’s solution with respect to its input parameters,
and (ii) ensuring that the resulting gradients are meaningful and informative
for learning [11].

In this chapter, to extend DFL to the scheduling of buildings with NN
modeling of the thermal dynamics, we need to differentiate through a MIP,
which is particularly difficult due to the presence of (discrete) integer decision
variables. As a result, the gradient of the MIP solution with respect to the
MIP parameters is typically either zero or undefined, making it incompatible
with standard gradient-based learning methods. One possible approach is to
replace the MIP with its continuous relaxation, allowing the use of the exist-
ing DFL methods such as implicit differentiation of the KKT conditions used
in chapter 3 [93], [115]. While relaxing a MIP to its continuous counterpart
reduces computational complexity, it alters the NN representation, i.e., from
capturing a nonlinear hypersurface to approximating it as a polytope, compro-
mising modeling fidelity. Another approach generates cuts to obtain a linear
program that has the same solution as the original mixed-integer formulation
[116]. However, in addition to the implementation difficulty, this method is
extremely burdensome, since a new set of cuts must be generated for each
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training instance.
To tackle these challenges and thus enable DFL for the NN-constrained

HVAC planning problem, we propose to leverage Stochastic Smoothing (SS).
This technique introduces random perturbations to the uncertain parameters.
Early approaches use this perturbation to smooth the "max" operator limit-
ing its applicability to problems in which the unknown parameters are in the
linear objective function [117]. We go further by extracting informative gradi-
ents from the task-specific loss using the score function of the REINFORCE
algorithm [19]. Unlike the aforementioned methods, SS does not make any as-
sumption about the optimization problem class, the position of the uncertain
parameters (whether in the objective function and/or the constraints), and
the specific form of the loss function. Therefore, SS obtains a gradient from
ex-post signals directly such as the true realized cost or constraint deviation,
without requiring differentiability. SS ensures high versatility of the proposed
framework and is highly suitable for combinatorial optimization involving a
non-differentiable dynamical system.

4.1.2. Contributions
The main contributions of this chapter can be summarized as:

1. We train a NN that models the building’s thermal dynamics using DFL
to optimize the decision quality rather than minimize a task-agnostic
statistical metric. We formulate an HVAC day-ahead management as a
MILP in which the building’s thermal dynamics are modeled by a NN and
embedded directly as optimization constraints. To enable effective and
robust gradient-based training of the NN, we (i) reformulate the MILP
problem as an MIQP to avoid infeasibility during learning, (ii) solve the
MIQP with random perturbations applied to unknown NN parameters
to encourage exploration, (iii) estimate gradients using a score-function
method that directly relates learning with decision quality.

2. We embed a piecewise linear NN in the HVAC management system to
obtain an expressive and tractable nonlinear model of the building’s ther-
mal dynamics. We reformulate each ReLU activation as a set of MIL
constraints, providing solution quality guarantees via a MIP optimality
gap. This approach yields a trade-off between modeling accuracy of the
dynamics and computational efficiency.

3. Because reformulating NNs with ReLU activations in MILP requires Big-
M constants, we improve the standard formulation by adaptively tight-
ening them. Specifically, instead of relying on fixed Big-M bounds, we
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dynamically adjust the feasible input intervals: when an input value is
known in advance (i.e., it is a deterministic parameter), its interval is
reduced to a single value. This adaptive strategy produces a tighter
formulation than existing fixed Big-M methods [118], [119], leading to
more efficient optimization without sacrificing correctness. The bene-
fit of this approach is demonstrated through both theoretical analysis
(section 4.2.4) and empirical validation (section 4.3.5).

Our framework bridges the gap between ML, constrained optimization, and
real-world energy management, paving the way for more intelligent and ef-
ficient HVAC control strategies. We show the effectiveness of our approach
on a realistic five-zone office building located in Denver, USA. Moreover, we
compare the performance of multiple thermal models: various NN architec-
tures and lumped RC model trained on historical data, or via traditional DFL
methods.

4.2. Model and Methods

4.2.1. HVAC Management System
The objective of day-ahead HVAC MS is to minimize the following day’s op-
erational cost on behalf of the building manager. This scheduling task is chal-
lenging, as it must account for nonlinear building thermodynamics, efficient
energy use, and sufficient thermal comfort for the occupants. In general, the
easiest way to control the HVAC system is through thermostats, which are
widely available in buildings. Therefore, the decision variable of the schedul-
ing problem is the matrix of indoor temperature setpoints for each time step
and thermal zone1. In the following model to optimize the day-ahead HVAC
operation, we assume that the electricity cost λi

t is lower than the feed-in tariff
λe
t for each time step.

The objective function (4.1) of the day-ahead HVAC MS is:

min
τ in

pdλd︸︷︷︸
(i)

+
T∑
t=0

pi
tλ

i
t − pe

tλ
e
t︸ ︷︷ ︸

(ii)

∆t (4.1)

where we minimize:
1A thermal zone in a building is a space or collection of spaces with similar space-

conditioning requirements, typically sharing the same heating and cooling setpoint and
controlled by a single thermostat or thermal control device.
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(i) the peak demand cost by applying a charge λd to the daily power con-
sumption peak pd;

(ii) the electricity cost aggregated at the building level which is, at each time
step, the difference between the cost of consuming grid electricity λi

tp
i
t

and the revenue from power injection into the grid λe
tp

e
t .

The optimization is constrained in (4.2) by the building thermal dynamics
from time steps t to t+1. The relationship is modeled by a NN with parameters
θ. The vector of zonal indoor temperatures τ in

t+1 is obtained based on the input
from the previous time step t: the vector of zonal indoor temperatures τ in

t ∈ RZ

where Z is the number of zones, the vector of electrical power for zonal heating
ph
t ∈ RZ , the vector of electrical power for zonal cooling pc

t ∈ RZ , and ambient
temperature τ amb

t ∈ R.

τ in
t+1 = NN(τ in

t , ph
t , p

c
t , τ

amb
t ; θ) ∀t (4.2)

The initial state of the building, i.e., the set of initial zonal indoor tempera-
tures, are given for all zones z ∈ Z by:

τ in
0,z = T in

0,z. (4.3)

In addition, zonal indoor temperature τ in
t,z is restricted to lie within comfort

limits T in
t,z and T

in
t,z.

T in
t,z ≤ τ in

t,z ≤ T
in
t,z (4.4)

Heating and cooling power consumptions are positive variables bounded by
the HVAC capacities P

c
z and P

h
z :

0 ≤ pc
t,z ≤ P

c
z, ∀t, z; (4.5)

0 ≤ ph
t,z ≤ P

h
z , ∀t, z. (4.6)

We define the zonal HVAC electrical power phvac
t,z as the sum of the powers for

cooling and heating (4.7). The resulting energy balance is ensured by (4.8), in
which the net power consumption of the building comprises the HVAC power
consumption phvac

t,z and the non-dispatchable load P nd
t , minus the building’s
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on-site power generation P gen
t , e.g., from rooftop photovoltaic panels.

phvac
t,z = ph

t,z + pc
t,z ∀t, z (4.7)

pi
t − pe

t =
Z∑

z=0

phvac
t,z + P nd

t − P gen
t ∀t (4.8)

The peak power demand pd is the maximum power consumption (or injection)
from the grid over the day. The peak demand is greater than or equal to all
power exchanges pi

t+pe
t across the day (4.9). While conceptually equivalent to

defining pd = max {pi
t, p

e
t | t ∈ T }, constraint (4.9) avoids introducing a bilevel

structure into the optimization problem, preserving tractability.

pd ≥ pi
t + pe

t ∀t (4.9)

At all times, power imported from or exported to the grid must comply with
the line capacity P

l of the connection between the building and the grid:

pi
t ≤ P

l ∀t, (4.10)

pe
t ≤ P

l ∀t. (4.11)

Finally, all power imports and exports must be positive:

pi
t, pe

t ≥ 0 ∀t. (4.12)

4.2.2. Decision-Focused Learning

Problem Formulation

Our objective is to learn the NN parameters θ (i.e., weights and biases) of
constraint (4.2). Instead of training θ in a task-agnostic manner on historical
data, we aim to learn θ to directly improve HVAC management decisions as
shown by Figure 4.1.

To formalize this DFL problem, we introduce r, a vector containing all
stochastic parameters of the HVAC MS (e.g., weather conditions) excluding
θ. We assume r follows the known training distribution R. The goal is to
minimize the task loss L, which reflects the true operational goal of the HVAC
MS. This naturally leads to a bilevel optimization problem, whose solution
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yields the optimal values of θ:

min
θ

Er∼R[L(p̌hvac, τ̌ in)] (4.13)

s.t. p̌hvac, τ̌ in = g(τ in*) (4.14)
min f(phvac, τ in) (4.15)

s.t. (4.2)− (4.12) (4.16)

The inner problem (4.15)-(4.16) is the HVAC MS, including the NN formu-
lation, which is thus a MILP. The outer problem aims to find θ by minimizing
the expected task loss over the distribution of input parameters r (4.13). Ide-
ally, the task loss is the ex-post value of the decisions. Thus, it depends on the
realized ex-post measurements of the HVAC power p̌hvac, and indoor tempera-
ture τ̌ in. These ex-post measurements are obtained by controlling the HVAC
system with optimal indoor temperature profiles τ in* (4.14). In (4.14), g is the
mapping between τ in* and the ex-post measures p̌hvac and τ̌ in. The function g
models HVAC actuation, building response, and sensing.

Gradient Computation

Problem (4.13)-(4.16) is intractable and realistically large instances cannot be
handled by off-the-shelf solvers. Therefore, we aim at learning θ by gradient
descent. The backpropagation step of the conventional approach applies the
chain rule, but for tractability this requires g to be differentiable. In practice,
real systems, and even some building simulators, are not differentiable.

To address this issue, Stochastic Smoothing (SS) aims to learn directly from
an ex-post loss signal, analogous to the reward in reinforcement learning (Fig-
ure 4.1). SS does not make any assumption about the form of the HVAC MS,
the differentiability of g, and the structure of the ex-post loss. To that end,
instead of producing a point estimate of θ, SS models it as a distribution, e.g.,
a Gaussian N (θ, σ). Because of the stochasticity in θ, the loss L in (4.13)
becomes an expectation:

L = Eθs∼N (θ,σ)

[
Ls(p̌

hvac
s , τ̌ in

s )
]
. (4.17)

By modeling probabilistic outputs, this approach avoids uninformative gra-
dients that plague traditional deterministic methods. Even when the origi-
nal gradient (e.g., from a LP) would be zero, taking the expectation over a
smoothed distribution can yield informative, non-zero gradient signals. How-
ever, computing these gradients analytically is challenging.

To train the model, we thus employ score-function gradient estimation, a
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technique closely related to the REINFORCE algorithm from reinforcement
learning. The approximation of the gradient becomes [19]:

∂L
∂θ

= Eθs∼N (θ,σ)

[
Ls

∂ logNθ(θs)

∂θ

]
. (4.18)

In practice, the expectation of the loss L is approximated using Monte Carlo
with S samples [120]:

∂L
∂θ

=
1

S

S∑
s=1

[
Ls

∂ logNθ(θs)

∂θ

]
. (4.19)

Although SS can accommodate any type of optimization problem, we refor-
mulate the MILP as a MIQP by relaxing the indoor temperature constraint
(4.4) and incorporating it as a quadratic penalty in the objective function
(4.20).

Reformulating the problem as a MIQP is not strictly required to obtain
meaningful gradients, since SS is agnostic to the optimization structure, but
it helps stabilize the learning process. By penalizing constraint violations in
the objective (in the MIQP) rather than enforcing them strictly (in the origi-
nal MILP), the MIQP approach prevents infeasibility during training, thereby
ensuring smoother and more robust model updates. Moreover, the hard con-
straints can be enforced at test time, if desired.

The quadratic term (iii) penalizes deviation of zonal indoor temperature τ in
t,z

from the target temperature T tgt
t,z , reflecting the loss of thermal comfort of the

occupants. The weight ot,z should be designed to reflect the occupancy of the
zone, i.e., higher occupancy implies a greater importance of thermal comfort
and thus a stronger penalty. In our case, ot,z ∈ [0, 1] is the ratio of zone
occupancy (i.e., people count) to maximum occupancy of the entire building.

min
τ in

pdλd +
T∑
t=0

(
pi
tλ

i
t − pe

tλ
e
t +

Z∑
z=0

ot,z(τ
in
t,z − T tgt

t,z )
2

︸ ︷︷ ︸
(iii)

)
∆t (4.20)

The resulting algorithm is detailed in Algorithm 1.
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Algorithm 1 Algorithm for decision-focused learning of the HVAC manage-
ment system.
1: Input:
2: Database of exogenous parameters R
3: Initial NN parameters θ0
4: for each epoch do
5: for each parameter sample r in R do
6: for each sample s do
7: Day-Ahead Stage:
8: Sample θs ∼ N (θ, σ)
9: Solve MIQP HVAC MS problem

10: Simulator or Real Building:
11: Thermostat control with τ in*

s as setpoints
12: Get ex-post power p̌hvac

s and temperature τ̌ in*
s

13: Ex-Post Analysis:
14: Compute loss function Ls(p̌

hvac*
s , τ̌ in*

s )
15: end for
16: Backward Pass:
17: Compute gradient ∂L

∂θ
≈ 1

S

∑S
s=1 Ls

∂ logNθ(θs)
∂θ

18: Update NN parameters θn+1 ← θn − α∂L
∂θ

19: end for
20: end for

Task Loss

The task loss L aims to evaluate the quality of the decisions made by the
HVAC MS. The ideal task loss is the exact ex-post value of the decisions,
which includes both the cost and the thermal comfort. Here, we align our loss
L with the HVAC MS objective (4.20). We name the loss Expost+ and define
it as:

L =
T∑
t=0

(p̌hvac
t λ̌t +

Z∑
z=0

ot,z(∆τ̌ in
t,z)

2

︸ ︷︷ ︸
Ex-post objective

) + MSE(Č − C)︸ ︷︷ ︸
MSE Power Cost

, (4.21)
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where ∆τ̌ in
t,z = τ̌ in

t,z − T tgt
t,z and MSE(Č − C) = 1

T

∑T
t=0(p̌

hvacλ̌t − phvacλt)
2. The

ex-post price λ̌t depends on the ex-post import and export powers p̌i
t and p̌e

t :

λ̌t =


λi
t if p̌e

t = 0 and p̌i
t ̸= p̌d

t ,
λe
t if p̌i

t = 0 and p̌e
t ̸= p̌d

t ,
λi
t + λd

t if p̌i
t = p̌d

t ,
λe
t + λd

t if p̌e
t = p̌d

t .

(4.22)

4.2.3. Neural Network MILP Formulation

Constraint (4.2) of the model presented in section 4.2.1 represents the building
thermal dynamics over a time interval. We propose learning building thermal
dynamics in a data-driven fashion by leveraging piecewise linear NNs, which
are obtained by designing NNs with only piecewise linear activation functions.
Specifically, we use ReLU activation functions, which are made up of two linear
pieces. ReLU speeds up training and reaches greater accuracy than other
activation functions for deep [121] and sparse NNs [122], but ReLU-based NNs
may be nonconvex [123]. The ReLU function is defined as:

y = max(0, ŷ). (4.23)

However, embedding (4.23) directly into the larger HVAC MS optimization
makes the overall problem intractable, as it requires solving a nested optimiza-
tion at each ReLU. Consequently, each ReLU neuron n ∈ N is reformulated
by a binary variable σn (4.24), two continuous variables yn and ŷn (4.25), and a
set of constraints. The complexity of the resulting optimization problem scales
with the number of neurons N .

σn ∈ {0, 1} (4.24)
yn, ŷn ∈ R (4.25)

The first step, as shown in Figure 4.2, is to compute the preactivation func-
tion (4.26) of the neuron n based on the input x, the weights wn, and the bias
bn. For I inputs, x ∈ RI , wn ∈ RI , and bn ∈ R. The preactivation value ŷn is
a scalar.

ŷn =
I∑

i=1

wn,ixn,i + bn ∀n (4.26)

The second step is to choose a suitable formulation of the ReLU activation
function, which is typically categorized into four main types: a disjunctive

72



Chapter 4. Decision-Focused Learning for Non-Convex Control and
Nonlinear Modeling of Building Thermal Dynamics

Input
x1
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xi

...
xI

ReLU Layer

ReLU Neuron
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Preactivation∑
iwn,ixi + bn

ReLU

ŷn
ŷ

y

wn, bn ∈ θ

Output
y1

...

yn

...
yN

Figure 4.2.: Layer of neurons with Rectified Linear Unit (ReLU) activation
function. The parameters are the weight wi and the bias b.

formulation [124], a Big-M formulation [26], a strong formulation [25], and a
partition-based formulation [125]. Despite offering a strong LP relaxation of
the ReLU, the strong formulation requires an infinite number of constraints
or a significant number of additional auxiliary variables, which hinders its
performances. Here, we adopt the Big-M formulation for its simplicity and
excellent empirical performance [1], [126], [127], [128].

First, the Big-M formulation of the ReLU defines the convex hull of the
function as follows:

yn ≥ 0, (4.27)

yn ≥ ŷn, (4.28)

where ŷn, the preactivation value, is the input of the ReLU function and yn
is the output. The constraints (4.29) and (4.30) are alternatively binding
depending on the value of the binary σn. The parameters Ŷ max

n and Ŷ min
n are

the Big-M constants. When σn = 0, (4.29) is binding, imposing yn to be null
with (4.27). Variable ŷn must be negative (4.28). In contrast, σn = 1 makes
(4.30) binding, imposing ŷn = yn via (4.28). Variable ŷn must be positive
(4.27).

yn ≤ Ŷ max
n · σn (4.29)

yn ≤ ŷn − Ŷ min
n · (1− σn) (4.30)
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4.2.4. Improved tightness of the NN reformulation

The Big-M constants Ŷ min
n and Ŷ max

n need to be accurately determined to pro-
duce a tight formulation of the ReLU. Three approaches exist in the literature.
A first naive approach is to record the minimum and maximum values of ŷn
during training. Although this method preserves the correlation between the
NN inputs and remains simple, it is not well suited for NN-constrained op-
timization since physical constraints rather than the distribution of the NN
training dataset should define the feasible domain [1]. More advanced meth-
ods formulate optimization problems to find the bounds Ŷ min

n and Ŷ max
n [24],

[127]. Bound optimization is computationally cumbersome, making it imprac-
tical for online computations. The third approach is to calculate the bounds
in all layers of the NN based solely on the input bounds using interval analysis
[129]. Interval analysis enables efficient computation of bounds while ensur-
ing physical consistency by appropriately setting the limits of the NN inputs.
However, the correlation between inputs is lost.

In this work, the NN parameters θ are updated at each gradient descent
during training via DFL (cf. section 4.2.2), such that the bounds Ŷ min

n and
Ŷ max
n must be recomputed after each gradient descent step. To handle this

efficiently, we use interval analysis, and further refine the method by setting
the feasible interval of NN input to singleton (i.e., degenerate) interval if the
input value is known prior to solving the optimization problem. This applies
to all optimization parameters that are input to the NN.

x
∈ [Xmin, Xmax]

p
∈ [Pmin, Pmax]

wxx+ wpp+ b

Preactivation
max(0, ŷ)

ReLU

y ∈ ∆Y
wx

wp

ŷ ∈ ∆Ŷ

Figure 4.3.: Interval analysis of the bounds for a ReLU neuron with inputs p
and x, where p is a parameter and x a variable in the overarching
optimization.

Theorem 4.1 (Preactivation Range Reduction). Consider a neuron, reformu-
lated as mixed-integer linear constraints using Big-M constants, with preactiva-
tion ŷ = wxx+wpp+b, where x ∈ RX are unknown input variables with weights
wx ∈ R1×X , p ∈ RP are known parameters with weights wp ∈ R1×P , and b is the
neuron bias. Assume that x and p are bounded such that x ∈ [Xmin, Xmax]X ,
and p ∈ [Pmin, Pmax]P . Let ∆Ŷ denote the feasible range of the preactivation
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under these bounds. When the feasible range of p is reduced to a degener-
ated interval p ∈ [P0, P0]

P , the feasible range of the modified preactivation
ŷ′ = wxx+ wpP0 + b satisfies:

|∆Ŷ ′|
|∆Ŷ |

≈ 1−
∑P

p wp∑X
x wx +

∑P
p wp

(4.31)

where | · | denotes the Lebesgue measure (i.e., length) of the interval.

Proof. Assuming we have a ReLU neuron with two inputs x ∈ R and p ∈ R
that are respectively variable and parameter of the optimization problem, as
illustrated by Figure 4.3, we can demonstrate the tightening of the bounds by
our approach. Let ∆(·) denote the feasible interval of its argument. If

x ∈ ∆X = [Xmin, Xmax], (4.32)
p ∈ ∆P = [Pmin, Pmax], (4.33)

then, assuming without loss of generality that the associated weights wx ∈ R
and wp ∈ R are positive2, interval analysis defines the bounds of the interval
of ŷ as follows

Ŷ min = wxX
min + wpP

min + b, (4.34)

Ŷ max = wxX
max + wpP

max + b. (4.35)

Therefore, the interval length according to Lebesgue measure | · | on ŷ is

|∆Ŷ | = Ŷ max − Ŷ min (4.36)
= wx|∆X|+ wp|∆P |. (4.37)

By degenerating the parameter interval (4.33) as p ∈ [P0, P0], where P0 is the
parameter value, equation (4.37) becomes

|∆Ŷ ′| = wx|∆X|. (4.38)

2If a weight is negative, the lower bound of the input associated to that weight must be
used in (4.34) and the upper bound in (4.35).
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The ratio of the interval lengths is

|∆Ŷ ′|
|∆Ŷ |

=
wx|∆X|

wx|∆X|+ wp|∆P |
, (4.39)

= 1− wp|∆P |
wx|∆X|+ wp|∆P |

(4.40)

Assuming that the inputs have been normalized, which resulted in |∆X| ≈
|∆P |, we have

|∆Ŷ ′|
|∆Ŷ |

≈ 1− wp

wx + wp

. (4.41)

Equation (4.41) can be extended to P parameter and X variable inputs as
follows:

|∆Ŷ ′|
|∆Ŷ |

≈ 1−
∑P

p wp∑X
x wx +

∑P
p wp

, (4.42)

which proves that the proposed method is at worst equivalent to the state-of-
the-art since the weights have been assumed positive. The improvement in the
bound tightness depends on the ratio of the sum of parameter input weights
and the sum of all weights. ■

The bounds on y are

y ∈ [max(0, Ŷ min),max(0, Ŷ max)]. (4.43)

4.3. Case Study

We analyze the effectiveness of the proposed method on a realistic office build-
ing comprising five zones. We start in section 4.3.1 by describing the high-
quality and publicly available building model, datasets, and tools used to de-
sign the case study, ensuring a fair comparison of results and reproducibility.
Then, section 4.3.2 presents the different benchmarks to compare the per-
formance of our DFL-based training procedure. In section 4.3.3, we report
the performance of all the models learned in a DFL-fashion. Finally, in sec-
tion 4.3.4, we further compare our DFL approach to the corresponding ITO
baseline, where the building’s thermal dynamics are learned using a standard
statistical loss function independent of the optimization task. Our code is
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publicly available at https://github.com/PSMRB/dfl_hvac_management.

4.3.1. Data

Building Prototype

The US Department of Energy has developed EnergyPlus. EnergyPlus is a
high-fidelity physics-based simulator for building energy modeling, continu-
ously updated since 2001 [17]. EnergyPlus includes publicly available building
models [22]. We selected an office building with five actively controlled thermal
zones. The zones are located over one floor of 511 m2. Figure 4.4 provides an
illustration of the floor layout. Each zone is equipped with its own air-to-air

Core Zone
150 m2

Perimeter Zone 1, 113 m2

Per.
Zone 2
67 m2

Perimeter Zone 3, 113 m2

Per.
Zone 4
67 m2

Figure 4.4.: Layout of the building floor.

heat pump, such that the HVAC system of each zone is fully independent.
The only alteration to the building model is the replacement of the gas-fired
heating coil by an electric coil of equal power.

Weather

Weather data and their processing is similar to section 3.5.3. Information is
repeated here for the reader’s convenience.

The building is assumed to be located in Denver, Colorado. To model build-
ing thermal dynamics, we utilize two typical meteorological datasets, each rep-
resenting a full year of hourly weather data for Denver International Airport,
derived from long-term observations. The first dataset is used to simulate one
year of building operation using EnergyPlus’s default heuristic control (i.e.,
without optimization), while the second provides weather scenarios used to
evaluate optimized scheduling strategies.

Optimizing then simulating daily schedules for all 365 days is computa-
tionally demanding. Moreover, there exist days with similar weather that
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bring very little extra information to the learning process. Therefore, we ap-
ply k-medoids clustering to group similar weather conditions from the second
dataset. The k-medoids algorithm is chosen over k-means to prevent the gen-
eration of synthetic average data. As ambient temperature is the only meteo-
rological input required for the model (4.2), we use it as the primary clustering
criterion. Initially, we select three fixed medoids corresponding to the most
extreme conditions: the coldest day, the hottest day, and the day with the
highest temperature variability. We then determine seven additional medoids
to partition the rest of the dataset. The resulting temperature profiles from
the k-medoids clustering are illustrated in Figure 4.5, with the cluster means
and standard deviations summarized in Figure 4.6. In total, only ten carefully
selected days are used to train the model that should generalize over the whole
year.

Figure 4.5.: Ambient temperature profiles of the ten medoids. The three first
labels are extreme scenarios.

Time-of-use Tariff

Time-of-use tariff is similar to section 3.5.3. Information is repeated here for
the reader’s convenience.

To reflect typical load patterns and incentivize off-peak usage, we adopt a
time-of-use electricity tariff: 0.6 $/kWh from 6 a.m. to 7 p.m., the rate is
double the base rate at 0.6 $/kWh, and 0.3 $/kWh during off-peak hours (see
Figure 4.7).
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Figure 4.7.: Time-of-use tariff with an appreciation of electricity from 6am to
7pm.

4.3.2. Models and Benchmarks

Our goal is to learn the parameters θ of a piecewise linear NN, i.e., constraint
(4.2), representing the thermal model of the building. We learn the parameters
in a decision-focused fashion using gradient descent. To that end, we coded
in Python and used PyTorch for computing the backpropagation. All com-
putations were performed on an Intel Skylake 16-core Xeon 6142 processors
and 16GB of RAM. To perform the gradient descent, we use Adam optimizer
with an initial learning rate at 10−3 (except for the RC model where 10−2 was
found to be better). The learning rate decays exponentially with γ = 0.98.
We limit the number of epochs (i.e., the number of times the 10 scenarios are
run) to 100 for the NNs, 150 for the RC model, and set an early stopping with
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a patience of 15.
We pre-train the NNs in a supervised way using the first dataset (i.e., one

year of building operation with default heuristic control) to capture the build-
ing’s main thermal characteristics. The resulting pre-trained NNs are then
trained in a DFL fashion to learn additional and more complex relationships.
This is achieved using SS.

SS learns the parameters of the NN-based thermal model embedded within
an MIQP by introducing controlled random perturbations, which smooth the
loss landscape and allow for gradient-based optimization. The resulting gra-
dient is computed using the REINFORCE algorithm which enables bypassing
the differentiation of the HVAC MS and EnergyPlus. We take a single sample
S = 1 for the Monte Carlo approximation following conventional practice in
the literature [19] and allowing practical implementation with a real-life sys-
tem where only one outcome can be observed. We investigated five Gaussian
noises of various intensity with standard deviations of 0.01, 0.05, 0.1, µ/10,
µ/2 to perturb the parameters. The value of σ can be fixed or variable.

Our proposed DFL-based approach using SS is compared to other state-of-
the-art DFL-based methods. These include (i) a Quadratic Program (QP)
relaxation of the original optimization problem where the binaries are relaxed
as continuous variables between 0 and 1 and (ii) a two-step approach that first
fixes the integer variables, then solves the resulting continuous and differen-
tiable QP problem. Cvxpylayer computes the gradient of QP problems that
are solved with ECOS since it has the best performance for conic programs
[94]. However, the MIQP is solved using Gurobi.

Because EnergyPlus is not differentiable, the QP relaxation and the two-
step approach cannot directly optimize the ex-post value (4.21). Therefore,
we introduced in the previous chapter (section 3.5.4) a supervized DFL loss
that bypasses the need to differentiate EnergyPlus (or the real installation)
because we assume that p̌hvac

t is independent on θ:

LDFL =
T∑
t=0

λ̌t

T

(
|phvac

t − p̌hvac
t |+ MAE

(
phvac
t,z

))
, (4.44)

where phvac
t is the total HVAC consumption of the building at time step t, and

MAE
(
phvac
t,z

)
= 1

Z

∑Z
z=0 |phvac

t,z − p̌hvac
t,z |.

Regarding the NN architectures, we learn the parameters of three fully con-
nected feedforward NNs with six inputs: the temperature in each zone (5
inputs) and the outdoor temperature. The inputs are normalized. The three
architectures have one hidden layer with 2 (NN1), 5 (NN2), and 10 ReLU
(NN3). The last layer of all architectures is a linear layer with five outputs:
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the zonal temperatures at the next time step. Each combination of architecture
and DFL method is run over five seeds, and the best outcome is reported.

Finally, we also compare the NNs to a lumped RC model, a linear model of
the building based on the aggregated resistance and capacitance of each zone.
For each zone, the RC model turns constraint (4.2) into:

τ in
z,t+1 = τ in

z,t +

(
ηh
zp

h
z,t − ηc

zp
c
z,t

Cz

+
τ amb
z,t − τ in

z,t

RzCz

)
∆t. (4.45)

Table 4.1 gathers the hyperparameters used in this case study. For more
detail, you can visit the GitHub associated with the chapter.

Optimizer Adam
Learning Rate 10−3 for NN

0.02 for RC
Exponential Decay 0.98
Max. Nb. Epoch 100 (150 for RC)
Patience 15
SS Noise (σ) 0.01, 0.05, 0.1, µ/10, µ/10
S 1
NN1 1 layer, 2 ReLU
NN2 1 layer, 5 ReLU
NN3 1 layer, 10 ReLU

Table 4.1.: Hyperparameters.

4.3.3. DFL Results

Before surveying the results of the DFL trainings in Table 4.2, we analyze
in Figure 4.8 the results for the day with minimal outdoor temperature pro-
vided by the NN1 model trained with SS. Temperature deviations from the
preferred temperature T tgt occur mostly in the first four hours of the day. By
4 am, the four perimeter zones have reached T tgt and roughly maintain it over
the day. Very slight deviations appear after 6 pm. In contrast, the core zone
is slightly under-heated with a temperature between 18°C and 20°C for the
whole day. The zonal expected powers shown in Figure 4.8b are meaningless.
This is because the thermal dynamics model focuses on delivering good deci-
sions through minimization of the task loss. However, the overall trend of the

81

https://github.com/PSMRB/dfl_hvac_management


Chapter 4. Decision-Focused Learning for Non-Convex Control and
Nonlinear Modeling of Building Thermal Dynamics

expected aggregated power Figure 4.8c is right and arguably quite good given
the high amount of perturbation that affects a building.

Table 4.2 reports the results of the various DFL-based models. For the two
smaller NN architectures (NN1 & NN2), the three DFL methods—i.e., SS,
QP-relaxation (QP), and QP subproblem with Fixed Binaries (FB)—converge
successfully. For the most complex architecture, NN3, only QP training is
feasible within 24 hours. Indeed, the complexity of the HVAC MS increases
with the number of neurons. Consequently, since the SS and FB require to solve
the MIQP for each sample, the training time quickly becomes computationally
intensive.

The first two rows, Ex-post+ and Hierarchical Loss, are the metrics used
for training. SS can directly minimize Ex-post+ (i.e., ex-post power cost,
thermal discomfort penalty, and power cost misestimation), whereas QP and
FB methods minimize the error on the HVAC power through the hierarchical
loss (4.44).

SS obtains the best ex-post value compared to QP, and FB. For NN1, SS
(σ = 0.01) obtains the lowest Ex-post+ at $94. FB and QP follow at $113 and
$130, respectively. All three NN1 models have an ex-post cost between $41
and $41.5. However, the model accuracy to predict the cost varies. SS is the
most accurate model with a daily cost underestimation of $3.7. QP and FB
follow with an overestimation of $4.69 and $4.74, respectively. Regarding the
temperature penalties, SS comes first with only $31 of daily penalty compared
to $41 for FB, and $57 for QP. The total computational time (training, vali-
dation, and test) ranges from 95 minutes for QP to 136 minutes for SS.
For NN2, the same ranking is observed as for NN1. SS (σ = 0.01) outperforms
with an Ex-post+ value at $84. This is even better than $94 for NN1. FB and
QP follow with $101 ($113 for NN1) and $182 ($130 for NN1). The ex-post
cost ranges from $41.8 for SS to $42.7 for FB. The cost estimation error is
$1.95 for SS, but rises to $6.17 for QP. The temperature penalty goes from
$35 for SS to $59 and $77 for QP and FB, respectively. In conclusion, SS offers
for both architectures the best thermal comfort and with excellent estimate
of the power cost along with very competitive ex-post cost and computational
burden.

FB outperforms QP on almost all training and ex-post metrics. For NN1, FB
has a better hierarchical loss (12.8) and Ex-post+ ($113) than QP (hierarchical
loss at 14.3 and Ex-post+ at $130). Even though FB has a similar ex-post
cost ($41.0 versus $41.1 for QP) and cost error ($4.74 versus $4.69 for QP),
FB provides more thermal comfort (temperature penalty at $41 versus $57
for QP). FB and QP take advantage of NN2’s stronger modeling abilities to
improve their training loss (FB: 11.4 vs. 12.8; QP: 12.4 vs. 14.3)). However,
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(a)

(b)

(c)

Figure 4.8.: Scheduling for the coldest day obtained by the SS NN1 model.
Subfigures are (a) the zonal indoor temperature; (b) the zonal
HVAC electric power, and (c) the aggregated HVAC power for
the whole building. The blue shades indicate the temperature
deviations causing an objective value penalty lower than a given
threshold. Temperature control is more loose during the night and
evening because of the worker absence. The mismatch between the
expected and ex-post HVAC powers in (b) can be explained by the
model limitations and the DFL loss which gives little importance
to accurate zonal predictions.
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FB Ex-post+ falls to $101 reflecting better ex-post metrics whereas it increases
to $182 for QP. These results show (i) the inherent misalignment between the
hierarchical loss and the ex-post value; (ii) the poor quality of the gradient
obtained by relaxing the problem.

The poor gradient approximation generated by QP even undermines the
performance of larger architectures such as NN3, causing them to underper-
form relative to smaller SS-trained architectures. Note that for NN3, the QP
relaxation is also used for validation. Since the complexity of the HVAC MS
grows with the number of neurons, SS and FB become too cumbersome. In-
deed, FB and SS require to solve the MIQP at each sample. QP hierarchical
loss is worse for NN3 than for NN2 going up from 12.4 to 13.2, while Ex-post+
goes down from $182 to $125. The ex-post cost stands at $43.2, slightly above
the usual range. The cost overestimation ($2.22) and the temperature penalty
($58) become competitive. However, such a large NN with ten ReLU is long to
train (almost four hours) and is still outperformed in terms of Ex-post+ value
by NN1 trained by SS. Moreover, solving the MIQP with NN3 at test time is
about ten times longer than with NN1.

In contrast, since the RC model is linear, the resulting HVAC MS is inher-
ently a continuous QP problem. Nevertheless, the RC model cannot capture
the complexity of the thermal dynamics and exhibits the worst metrics among
all models. The RC model is trained to minimize the hierarchical loss, which
converges at 24.7 and Ex-post+ at $252. Regarding the ex-post metrics, the
average daily ex-post cost of HVAC power is $38.0, but it is largely underesti-
mated at $32.3. The average daily temperature penalty, reflecting the thermal
discomfort, is $150. Therefore, the ex-post cost is the lowest of all models
because the RC model fails to provide comfortable temperatures. The total
computational time for training, validation, and test is about seven hours.

In conclusion, SS outperforms DFL approaches that differentiate through the
optimization problem (QP or FB), particularly when the underlying system or
its simulator is non-differentiable. Unlike QP and FB, SS bypasses both the
differentiation of the optimization layer and the system model, allowing the
direct use of the true ex-post value (Ex-post+) as a training signal instead of
relying on surrogate task losses. This results in superior gradient estimates and
more informative training loss, enabling smaller models to outperform larger
QP-trained counterparts while reducing computational overhead at inference.

4.3.4. ITO Results

Table 4.3 compares the results of the DFL-trained models with their ITO
counterpart. ITO models are trained over one year of historical data by Mean

85



Chapter 4. Decision-Focused Learning for Non-Convex Control and
Nonlinear Modeling of Building Thermal Dynamics

R
C

N
N

1
N

N
2

N
N

3
IT

O
D

F
L

IT
O

SS
IT

O
SS

IT
O

Q
P

E
x-post+

($)
516

252
318

94
495

84
579

125
H

ierarchicalloss
54.2

24.7
35.2

20.4
43.7

22.2
39.4

13.2

M
A

E
(kW

)
0.59

0.6
0.5

0.52
0.51

0.5
0.53

0.54
M

SE
(kW

2)
0.45

0.44
0.34

0.35
0.36

0.34
0.38

0.39
E

rror
m

ean
(kW

)
-0.27

-0.07
-0.26

-0.08
-0.35

-0.01
-0.35

0.03
E

rror
std

(kW
)

0.55
0.39

0.38
0.42

0.38
0.45

0.35
0.36

E
xpected

cost
($)

21.3
32.3

26.8
37.9

21.7
39.9

20.5
45.4

E
x-post

cost
($)

41.5
38.0

41.6
41.5

42.2
41.8

42.2
43.2

C
ost

error
($)

20.2
5.7

14.7
3.6

20.5
2.0

21.7
-2.2

Tem
p.

P
enalty($)

55
162

32
31

17
35

16
58

N
b.

E
pochs

0
150

0
71

0
43

0
100

Training
tim

e
-

03:30:24
-

01:08:34
-

04:17:05
-

04:25:18
V
alidation

tim
e

-
03:14:32

-
01:07:13

-
04:22:52

-
03:54:35

Test
tim

e
00:01:12

00:00:46
00:01:46

00:00:49
00:02:17

00:07:59
02:15:50

00:10:13

Table
4.3.:C

om
parison

of
the

perform
ance

of
the

Identify-T
hen-O

ptim
ize

approach
to

decision-focused
learning

via
Stochastic

Sm
oothing

(SS)
for

each
m

odel—
N

N
w

ith
one

layer
of

tw
o

R
eLU

neurons
(N

N
1),

five
R

eLU
neurons

(N
N

2),ten
R

eLU
neurons

(N
N

3),and
one

m
ulti-zone

R
C

m
odel(R

C
).

86



Chapter 4. Decision-Focused Learning for Non-Convex Control and
Nonlinear Modeling of Building Thermal Dynamics

Square Error (MSE) minimization. The trained NN is then reformulated as
a constraint of the HVAC MS. The ITO and DFL models are tested over the
same ten days.

All models see a significant improvement with DFL compared to ITO. The
three NN models see major improvements in terms of Ex-post+ and hierarchical
loss. Ex-post+ falls from $318 to $94 for NN1, from $495 to $84 for NN2, and
from $579 to $125 for NN3. The cost errors of the NN1 and NN2 ITO models
are $14.7 and $20.5, compared to $3.6 and $2.0 for the SS models. The QP
DFL with NN3 reduces the cost error from $21.7 to $2.2. Similarly, DFL of the
RC parameters improves the hierarchical loss from 54.2 to 24.7 and Ex-post+
from $516 to $252. It shows the possible improvement DFL can bring even
for simple models as already noted in [130]. Because of DFL, the RC model
can outperform more complex ITO models such as NNs. The Ex-post+ value
of the RC model is $252, much lower than $318 for NN1, $495 for NN2, and
$579 for NN3.

When surveying only ITO models, NN1 is the best architecture, which shows
that when ITO is used, a more complex architecture may not yield better
decisions. NN1 reports an Ex-post+ ITO value at $318 far below the RC
model ($516), NN2 ($495), and NN3 ($579).

In conclusion, DFL significantly improves the quality of the ex-post metrics
reflecting better and more realistic decisions compared to the conventional two-
stage ITO approach. A simple DFL-trained model, such as the RC model, is
to be preferred to ITO-trained NNs. Nevertheless, the improvement brought
by DFL is limited by the modeling power of the architecture, as shown for RC
model, and the quality of gradient approximation, as shown for NN3. Caution
is warranted when resorting to ITO: increasing model complexity does not
necessarily yield better decisions and may introduce additional computational
burden.

4.3.5. Effect of Constraint Tightness on Solving Time

In subsection 4.2.4, we analytically showed how to tighten the MIL equations
of a ReLU by dynamically adjusting the feasible interval of its inputs. In this
case study, the NNs have 11 inputs, among which one is a parameter (i.e.,
the ambient temperature) and ten are decision variables (i.e., the five zonal
indoor temperatures and the related HVAC power consumption). Applying
(4.31) and assuming that the weights have the same magnitude, the expected
theoretical improvement in tightness is approximately 9.1%.

As shown in Table 4.4, the tight formulation consistently reduces solving
time across all test cases, with an average gain of 9.4%. This validates the the-
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NN1 NN2 NN3 Avg.SS QP FB SS QP FB QP

SOTA 39.0 23.4 23.0 41.5 72.6 211 1443 264.4
Tight 32.0 23.2 19.8 38.2 66.0 180 1422 254.0
Gain (%) 17.9 0.9 13.9 8.0 9.1 14.7 1.5 9.4

Table 4.4.: Comparison of the solving time for the optimization during test
(i.e., MIQP formulation) with and without the proposed tight for-
mulation.

oretical prediction from (4.31) and demonstrates the practical advantage of our
approach in terms of computational efficiency. Importantly, this improvement
is achieved without sacrificing model accuracy or solution quality.

4.3.6. Noise intensity analysis

In this section, we analyze the impact of the noise intensity on the performance
of SS-DFL. Since we use a Gaussian noise, we modify σ to investigate five level
of noise: 0.01, 0.05, 0.1, µ/10, and µ/2. We further enable two modes for σ:
it can either remain constant or be learned. Note that for µ/10 and µ/2, σ is
either initialized as a fraction of µ and then kept constant, or evolves with µ.
We focus on two key metrics4—the Ex-post+ loss and the number of epochs
necessary to converge—shown in Figure 4.9.

The analysis of noise impact on SS-DFL training performance reveals that
the Ex-post+ loss increases with the noise. This is true for both NN1 and NN2,
whether σ is constant or variable. Interestingly, setting σ as a fraction of µ
(i.e., σ is a fraction of the pre-training value found for each parameter) does
not yield better results. Allowing σ to be trainable (variable configuration)
does not improve the Ex-post+ loss. Unlike µ, σ has no clear optimal value.
It is a variable without physical reality introduced by SS. Therefore, making
σ a parameter to learn complexifies training without a clear gain. Ultimately,
it results in a loss of performance.

In both variable and constant configurations, the best performance is achieved
with the smallest constant noise (σ = 0.01), and initializing all the σ’s at the
same value is to be preferred to fraction of µ.

There is no significant effect of σ on the training convergence speed, as
measured by the number of epochs required. Additionally, whether σ is kept

4The complete tables are available in the repository.
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Figure 4.9.: Analysis of Ex-post+ and the number of epochs for various defini-
tion of σ. The mean of the five trainings is in bold. The Ex-post+
loss tends to increase with higher noises while no clear trend is
observe on the number of epochs indicating little effect on the
convergence rate.
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constant or treated as a trainable parameter does not appear to influence
convergence rates. This behavior is consistent across both NN1 and NN2
architectures.

4.3.7. Number of Samples Analysis

We complement our results by analyzing the impact of the sample size param-
eter S on performance, noting that all previous experiments were conducted
with S = 1. The motivation for S = 1 was threefold. First, it reflects practical
deployment conditions in real buildings, where only a single true realization
of the building’s response is observable at each time step due to the absence
of simulators. Second, the score-function (REINFORCE) gradient estimator
remains unbiased regardless of S. Increasing S decreases the variance of the
gradient estimate but increases computational cost per training instance, lead-
ing to longer training times. Third, this choice aligns with the reinforcement
learning literature (and the advice of the SS-DFL authors [19]), where policy
gradient methods typically use single-sample estimates at each update to bal-
ance computational efficiency and estimator variance. Therefore, fixing S = 1
provides a practical and theoretically sound approach for our decision-focused
learning framework.

In Figure 4.10, we can see the Ex-post+ loss, the training time and the
number of epochs for S = 1, 2, 5, 105. All trainings were performed with σ
set to its optimal value (i.e., constant σ = 0.01).The Ex-post+ loss tends to
increase with more samples for both NN1 and NN2. We believe this is because
having more samples reduces the exploration during training. As expected,
the number of epochs necessary for the training to converge decreases with
S, reflecting the higher quality of the gradient estimation. This decrease is
extremely steady for NN1, but less for NN2. Despite the number of epochs
going down with S, the training time goes up as expected.

In conclusion, S = 1 leads to the best decision quality (i.e., minimal Ex-
post+ loss) and training time.

4.4. Conclusion
We presented an HVAC MS where the building thermal dynamics are modeled
using NN. We started by improving the formulation of NN as constraints in
optimization problem. Then, we learned the parameters of the NN using DFL.
In order to ensure meaningful gradient and training robustness, the HVAC MS

5The complete tables are available in the repository.
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Figure 4.10.: Analysis of Ex-post+, the number of epochs, and the training
time depending on the number of samples S. The mean of the
five trainings is in bold. The Ex-post+ loss tends to increase with
more samples. Despite the number of epochs going down with S,
the training time goes up.

is formulated as an MIQP where the thermal comfort is a quadratic penalty in
the objective function rather than a hard constraint. Since MIQP are discrete
by nature, we employed SS to produce an informative gradient without having
to differentiate the MIQP and the building (or its simulator).

We tested our approach on a realistic five-zone building. Results show that
SS outperforms the conventional two-stage approach where NN are trained on
historical data and then embedded into the optimization. DFL with SS is to be
preferred to more naive approaches that relax or fix the binaries of the mixed
integer problem. A key insight is ITO models with better accuracy on historical
data may lead to worse decisions. These results prove the misalignment of ITO
metrics with decision quality.
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Further research is required to strengthen scalability of NN-constrained op-
timization and robustness of the decisions. Developing optimization formula-
tions for entire NN, rather than individual neurons, is an active field of study.
We see a significant research opportunity in coupling SS and parameter distri-
bution for stochastic optimization. Ideally, SS would integrate seamlessly with
optimization under uncertainty that naturally has parameter distributions. We
explore this idea in the next chapter.
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CHAPTER 5.

Probabilistic Decision-Focused Learning for
Robust Control of Building HVAC Systems

This chapter investigates the interactions between DFL performed with RE-
INFORCE and decision-making under uncertainty. To that end, we make two
additions to the conventional RC model. First, we make the RC parameters
time-varying to adapt to changing conditions. Second, we expand the lin-
ear equation with the forecasted distribution of the temperature perturbation
(i.e., the error of the RC model). We start by setting the scope of the chap-
ter, motivating the design choices, and stating the contributions. Section 5.2
presents the global overview of the methodology before section 5.3 dives into
the different parts of the decision pipeline. Section 5.4 details the training pro-
cedure, which begins with a statistically-driven pre-training phase to initialize
the model parameters, followed by a DFL stage that fine-tunes the model based
on control performance. Section 5.5 is dedicated to the case study where the
impact of the different contributions is analyzed and discussed. Finally, the
main conclusions and perspectives are summarized.

5.1. Introduction

5.1.1. Context and motivation
Buildings represent around 30% of the worldwide final energy demand, with
approximately 50% devoted to space heating and cooling [131]. Consequently,
with the increase of renewable generation, improving the timing and flexibility
of thermal energy use is essential to align energy consumption with genera-
tion availability. This can be achieved through a reliable control of HVAC
systems, which relies on the accurate modeling of building thermal dynamics
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[132]. A variety of approaches have been developed to represent these thermal
dynamics. Physics-based RC models are interpretable and generalizable, but
the internal RC parameters are inherently unknown, and their linear structure
prevent to capture nonlinear effects [73]. Then, fully black-box models based
on machine learning [29] can capture complex dynamics but often require large
datasets and may lack explainability. As a trade-off between both paradigms,
grey-box formulations that combine physical insights (RC structure) with a
data-driven parameter identification to balance physical model structure with
data-driven consistency [84]. In this work, we build upon grey-box RC mod-
els to represent the thermal dynamics of multi-zone buildings to support the
day-ahead energy optimization of HVAC systems.

5.1.2. Literature review on model identification

Existing data-driven methods for model identification, such as estimating the
unknown RC parameters, face three major limitations that hinder their effec-
tiveness for downstream decision-making (e.g., control) tasks.

First, most thermal models are static and context-agnostic, i.e., their param-
eters remain fixed regardless of changing external conditions [133] although the
efficiency of heat pumps depends on the outdoor temperature and the prop-
erties of materials, such as their resistance and heat capacitance, depend on
the humidity. Therefore, RC model with constant coefficient cannot capture
the non-stationary, making the linear approximation accurate only in certain
operating regimes while performing poorly in others [14]. To address this, we
make the parameters of the RC model context-dependent. At each time step,
the RC parameters adjust dynamically to adapt to exogenous conditions (e.g.,
weather, occupancy). As a result, the nonlinear thermal dynamics are approx-
imated through local, context-driven linearizations, tailored to the expected
operating regime.

Second, traditional RC models are deterministic and do not explicitly ac-
count for uncertainty [134], i.e., given an HVAC power input, the resulting
indoor temperature is assumed to be perfectly known. When such models are
embedded within control policies, this assumption can lead to poor perfor-
mance due to real-world perturbations, such as fluctuating occupancy, window
opening, equipment use and their associated heat gains, or other unpredictable
disturbances [135]. In response, we model the thermal perturbations as a ran-
dom variable. We predict the distributions of the thermal perturbations based
on contextual inputs (e.g., weather, time of day, expected occupancy). Our
formulation captures both epistemic uncertainty (which arises from incom-
plete knowledge of the building’s physical characteristics or modeling simpli-
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fications), and aleatoric uncertainty (which reflects inherent variability in the
system due to unpredictable factors such as occupant behavior, or window
usage).

Third, the data-driven identification of model parameters typically focuses
on minimizing a purely statistical loss between the model’s predictions and
observed thermal dynamics. This approach does not account for how model
errors affect downstream decisions, i.e., it does not guarantee that the result-
ing model performs well in operating conditions that are most relevant for
control effectiveness and occupant comfort [98]. To overcome this limitation,
we adopt a DFL approach [11]. Instead of training the model to fit past data,
DFL directly optimizes the parameters based on their impact on downstream
control performance. DFL introduces a level of abstraction that goes beyond
statistical capabilities, aligning model training with control performance rather
than prediction accuracy alone [136]. We retain the SS-DFL technique of the
previous chapter. SS-DFL is based on the score-function (REINFORCE) gra-
dient estimator. This method enables gradient-based training by leveraging
stochastic sampling when the loss can be written as an expectation over un-
known parameters [19].

5.1.3. Contributions
This chapter proposes to train a forecaster that, for each time step, outputs
a point estimate of the RC model parameters and the parameters of the dis-
tribution that describe the thermal perturbation. Using a DFL framework,
the forecaster learns to provide an optimal estimate of the RC parameters and
perturbation distribution with respect to the decision outcome (e.g., ex-post
cost). The DFL method builds on the REINFORCE gradient estimator to
bypass the non-differentiability of both the mixed-integer HVAC scheduling
problem and the building simulator.

The stochasticity of the thermal perturbation plays a dual role in the ap-
proach: (i) it enables the use of REINFORCE by introducing randomness on
the thermal perturbation (without which no gradient can be propagated), and
(ii) this uncertainty feeds into scenario-based optimization, where sampled
thermal perturbations are used to compute HVAC schedules that are robust
to uncertainty in building thermal behavior.

The main contributions of the chapter can be summarized as:

1. We develop a multi-zone linear RC model with parameters that are ad-
justed at each time step and that considers the thermal perturbations.
This augmented RC model produces a probabilistic output, explicitly ac-
counting for both model limitations and real-world variability in building
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operation. Moreover, the parameters of the RC model and the per-
turbation distribution are predicted by a forecaster that use contextual
information (e.g., weather, expected occupancy) to adapt them to the
changing operating conditions.

2. We integrate the augmented RC model into a scenario-based day-ahead
HVAC scheduling framework to ensure robustness regarding uncertainty
in thermal dynamics. The optimal temperature profile remains feasible
over all scenarios of thermal perturbations.

3. The forecaster is trained end-to-end using DFL, where its parameters are
learned to optimize control performance rather than prediction accuracy.
We use the REINFORCE gradient estimator to enable training through
the mixed-integer HVAC optimization and black-box simulator.

4. To improve training efficiency, we first apply standard supervised learn-
ing to pre-train the forecaster. This phase uses a physics-informed sta-
tistical loss that includes additional regularization terms to encourage
physically plausible values for the parameters of the RC model (i.e., the
output of the forecaster). The resulting warm start provides a strong
initialization for the subsequent DFL phase, improving its convergence.

Û Scope Clarification

There are four main changes with respect to chapter 4:

• The thermal model is context-aware—it remains a linear RC model
but its parameters are adjusted at each time step by a forecaster
that adapts the coefficients of the RC model based on contextual
information.

• The RC model includes a random variable modeling the thermal
perturbation affecting each zone of the building.

• The scheduling problem becomes scenario-based to improve deci-
sion robustness.

• We use day-ahead prices to reflect dynamic pricing rather than
time-of-use tariffs.
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5.2. Overview of the method

Our overarching goal is to learn the parameters of a stochastic multi-zone
model that captures a building’s thermal dynamics for use in day-ahead HVAC
optimization.

5.2.1. Stochastic RC model

To ensure tractability within the optimization, the building dynamics are mod-
eled as linear with respect to HVAC power inputs, following the structure of
a Resistance–Capacitance (RC) network, i.e.,

τ in
t+1 = τ in

t +∆τ in, RC
t + ϵt, (5.1a)

with ∆τ in, RC
t = C−1

t ⊙
(
ηheat
t ⊙ pheat

t − ηcool
t ⊙ pcool

t

+Gout
t ⊙ (τ out

t 1− τ in
t )

+
∑

cols

[
Gin

t ⊙
(
τ in
t 1⊤ − 1 τ in

t
⊤
)])

∆t. (5.1b)

The thermal dynamics model in (5.1b) captures both external and inter-
zonal heat exchanges. The state variable τ in

t ∈ R|Z| denotes the indoor air tem-
peratures for all zones z ∈ Z during time step t ∈ {t1, . . . , tT}, while τ out

t ∈ R is
the outdoor temperature. The vectors pheat

t ,pcool
t ∈ R|Z| represent the electrical

powers for heating and cooling delivered to each zone, scaled by their respec-
tive efficiency coefficients ηheat

t ,ηcool
t ∈ R|Z|. The vector Ct ∈ R|Z| contains

the thermal capacitances of each zone, while Gout
t ∈ R|Z|,Gin

t ∈ R|Z|×|Z| are
conductance matrices representing heat transfer with the outside and among
zones, respectively. The first three terms in (5.1b) account for thermal inertia,
HVAC input, and heat loss to the ambient. The final term models inter-
zonal heat exchange by computing the pairwise temperature difference matrix
τ in
t 1⊤− 1(τ in

t )⊤, applying an element-wise product with Gin
t , and aggregating

column-wise to obtain the net thermal interaction vector. The operator ⊙
denotes element-wise multiplication, and 1 is a vector of ones used for broad-
casting quantities across zones.

The matrices C−1
t , Gout

t , Gin
t , ηheat

t and ηcool
t , are indexed by time t to re-

flect their context-dependent nature, i.e., they are dynamically adjusted at
each time step t ∈ {t1, . . . , tT} to locally linearize the building’s thermal be-
havior around the expected operating regime. For notational compactness,
we aggregate all time-varying parameters of the thermal model into a single
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Figure 5.1.: Overview of the methodology.

representation ŷRC :=
(
C−1

t ,Gout
t ,Gin

t ,η
heat
t ,ηcool

t

)tT
t=t1

.
To account for uncertainty in the thermal response (5.1a), the RC model

(5.1b) is further enriched with a stochastic perturbation term ϵt, representing
uncertainty in the thermal response, here modeled as a Gaussian noise ϵt ∼
N (µϵ

t, σ
ϵ
t).

5.2.2. Architecture of the DFL training pipeline

We want to learn the weights θ of the forecaster predicting the RC parame-
ters and distribution parameters of the thermal perturbation. We train the
forecaster end-to-end with a task loss minimizing day-ahead HVAC energy
costs while maintaining occupant comfort. We design a DFL pipeline com-
posed of three stages: (i) a context-aware probabilistic model that forecasts
the parameters of both the RC model (5.1b) and the distribution of thermal
perturbation ϵt, (ii) a scenario-based HVAC scheduling that computes control
actions based on sampled thermal perturbations, and (iii) a simulation-based
evaluation that quantifies performance in terms of energy cost and comfort.

(i) Probabilistic forecaster — We define a forecaster fθ that learns to
adapt the RC model and the thermal perturbation to time-varying operat-
ing conditions based on the current context. The complete input context
xfull ∈ X available at the time of day-ahead decision-making, such as past
indoor temperatures, HVAC power usage, and weather forecasts, are used
as inputs to fθ, which returns two complementary outputs: (i) the deter-
ministic parameters ŷRC = fdet

θ (xfull), which define the nominal linear ther-
mal model for the given context xfull, and (ii) a probabilistic perturbation
ϵ = N (µϵ(xfull; θ), σϵ(xfull; θ)) = fprob

θ (xfull) that represents the uncertainty in
the thermal behavior of the building. This context-dependent model serves as
a local approximation of the building’s thermal response around the expected
operating trajectory over the next-day horizon.
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(ii) Day-ahead HVAC scheduling — The stochastic RC model (5.1a) is
then integrated into a scenario-based optimization framework. To that end,
we draw S Monte Carlo samples {ŷs}Ss=1, where each sample ŷs combines the
deterministic parameters ŷRC (identical in all samples) with a realization of
the stochastic perturbation ϵs:

ŷs = {ŷRC, ϵs} ∼ pθ =
{
ŷRC(xfull; θ),N

(
µϵ(xfull; θ), σϵ(xfull; θ)

)}
. (5.2)

These sampled thermal responses ŷs represent plausible realizations of the
augmented RC parameters under uncertainty. They are used as input scenar-
ios in the downstream HVAC optimization to approximate the expected cost
in (5.3) over the distribution of thermal parameters ŷ following the conditional
predictive distribution pθ(·|xfull):

d∗ = arg min
d∈Fθ

Eŷ∼pθ

[
C
(
d(ŷ)

)]
≈ arg min

d∈Fθ({ŷs})

1

S

S∑
s=1

C
(
d(ŷs)

)
, (5.3)

where the decision variable d∗ represents the optimal control schedule, includ-
ing discrete HVAC mode selections (e.g., heating or cooling activation) and
temperature setpoints issued to each zone, pertaining to feasible set Fθ({ŷs}),
while C(d) denotes the cost function of the HVAC scheduling problem (e.g.,
energy cost or discomfort).

(iii) Ex-post evaluation — The optimal decisions d∗ are passed into a non-
differentiable simulator Sim, representing the true building response. Here, we
use the EnergyPlus software, which yields the true HVAC power consumption
resulting from executing the optimal temperature schedule d∗ under realistic
physical, operational, and occupancy conditions.

Finally, the pipeline is evaluated using the ex-post loss L(θ) ∈ R, defined as

L(θ) = ℓ
(
Sim(d∗, ytrue)

)
(5.4)

where ytrue denotes the actual building parameters, and ℓ(·) is the true ex-
post performance metric (e.g., true costs and comfort deviations as further
explained in section 5.3.3).

5.2.3. Challenges of the method

Training over this loss (5.4) presents two main challenges.
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First, each sampled realization ŷ ∼ pθ is then passed to an MIQP, whose
argmin map d∗(ŷ) is discrete and non-smooth, i.e., small changes in ŷ (caused
by updates in θ) can flip binaries and cause abrupt jumps in d∗, such that
differentiation through the MIQP is ill-posed.

Second, the simulator Sim used to evaluate system performance is non-
differentiable, further preventing end-to-end gradient propagation.

To address these difficulties, we estimate gradients using score-function esti-
mators (also known as REINFORCE), as detailed in section 5.4. This enables
end-to-end training of the entire DFL pipeline via gradient descent despite the
non-differentiabilities in the optimization and simulator.

5.3. Methodology

5.3.1. Context-aware probabilistic forecaster of thermal
dynamics

The forecaster is based on an encoder-decoder architecture built upon Long
Short-Term Memory (LSTM) cells. LSTM encoder-decoder is a deep learning
framework designed to capture temporal dependencies [137].

The multi-step probabilistic forecaster is a parametric model fθ that maps
the full input context xfull, available at the day-ahead decision time t0 (typ-
ically 12 a.m.), to the parameters of a stochastic RC model representing the
building’s thermal dynamics. The model parameters are time-varying over the
prediction horizon t1:tT , allowing the linear RC model to adapt its approxi-
mation locally to the evolving operating conditions. Specifically, the model
yields:{

ŷRC
t , µϵ

t, σ
ϵ
t

}tT
t=t1

= fθ
(
xfull) , (5.5)

The input features xfull =
[
xP
t−H :t0

, yt−H :t0 , x
F
t1:tT

]
consists of past exogenous

inputs xP (past weather conditions), past indoor temperature values y, and
known future inputs xF (weather predictions, calendar information) over the
horizon t1:tT .

The forecaster output is the context-dependent parameters of the augmented
RC model (5.1), which captures both the nominal thermal dynamics across all
zones z of the building and the associated uncertainty:

• the deterministic parameters ŷRC
t define the nominal linear thermal model

for the expected operating regime at time t, and
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• the probabilistic perturbation parameters µϵ
t, σ

ϵ
t characterize uncertainty

in the thermal response via a Gaussian noise ϵt ∼ N (µϵ
t, σ

ϵ
t).

Together, these outputs define a context-aware stochastic RC model that ap-
proximates the building’s thermal dynamics under expected operating condi-
tions. This augmented RC model with time-varying parameters is then passed
to the downstream HVAC scheduling optimization, enabling robust control
under uncertainty.

5.3.2. Formulation of the HVAC optimization

We consider the day-ahead HVAC scheduling problem for a multi-zone building
under time-varying electricity prices, i.e., we shift heating and cooling loads to
favorable times (e.g., low electricity prices) while maintaining thermal comfort.
These prices are assumed to be deterministic, as they are provided by a building
aggregator that coordinates building-level schedules to participate in wholesale
electricity markets. We study a general setting in which a building is equipped
with multiple Heat Pumps (HPs). Let H be the set of HPs, and let Zh ⊂ Z
represent the set of zones served by HP h ∈ H. We assume that each unit
independently supplies a specific, non-overlapping subset of thermal zones, i.e.,⋃

h∈HZh = Z and Zh ∩ Zh′ = ∅ for h ̸= h′.

The problem is formulated as a scenario-based stochastic program, where
s ∈ S are the thermal dynamics scenarios with associated probabilities πs

such that
∑

s∈S πs = 1. The decision variable in our formulation is a single
temperature setpoint schedule τ in

t,z for each zone z and time step t, which acts
as the reference trajectory for the thermostat. This schedule is shared across
all scenarios to ensure deployability, as only one control profile can be issued
to the building automation system.

The objective function in (5.6) comprises three components: (i) the peak
power consumption ppeak

s is priced at λpeak; (ii) the power ptot
s,t at each time

step t based on time-varying electricity prices λt, and (iii) a comfort penalty
that penalizes deviations of the indoor temperature τ in

s,t,z from the zone-specific
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target T target
t,z , weighted by a coefficient wt,z.

d∗ ∈ argmin
∑
s∈S

πsp
peak
s λpeak

︸ ︷︷ ︸
(i)

+
T∑
t=1

(∑
s∈S

πsp
tot
s,tλt︸ ︷︷ ︸

(ii)

+
∑
z∈Z

wt,z

(
τ in
t,z − T target

t,z

)2
︸ ︷︷ ︸

(iii)

)
∆t (5.6)

The optimization is constrained by the building thermal dynamics modeled
by (5.1). The set of initial zonal indoor temperatures τ in

s,t=0,z are considered to
be deterministically known for all zones z.

In centralized HP systems, all zones z ∈ Zh served by the same HP unit
h ∈ H must operate under a shared mode, either heating, cooling, or idle,
at each time step. To model this constraint, we introduce binary variables
mt,h ∈ {0, 1}, which indicate the operating mode of h at time t, i.e., mt,h = 1
corresponds to heating mode, and mt,h = 0 to cooling mode. The idle mode
is implicitly captured when both the heating and cooling powers are zero, i.e.,
pheat
s,t,z = pcool

s,t,z = 0 for all z ∈ Zh (regardless of the value of mt,h).

Given this shared operation, the total heating and cooling power delivered
by HP h across its connected zones must respect the unit’s aggregate capacity,
conditioned on the active mode:∑

z∈Zh

pheat
s,t,z ≤ mt,h · P̄ heat

h ,
∑
z∈Zh

pcool
s,t,z ≤ (1−mt,h) · P̄ cool

h ∀s, t, h (5.7)

where P̄ heat
h and P̄ cool

h are the maximum heating and cooling power capacities
of h, respectively.

In addition, each individual zone z is also constrained by its own maximum
heating and cooling power capacities:

0 ≤ pheat
s,t,z ≤ P̄ heat

z ∀s, t, z (5.8)

0 ≤ pcool
s,t,z ≤ P̄ cool

z ∀s, t, z (5.9)

We ensure power balance in (5.10) by stating that the total HP power con-
sumption ptot

s,t equals the sum of the heating and cooling power delivered to all
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zones.

ptot
s,t =

∑
z∈Z

(
pheat
s,t,z + pcool

s,t,z

)
∀s, t (5.10)

The building’s peak power demand ppeak
s must not exceed the grid connection

limit P̄ grid, which defines the maximum power capacity available from the
electric utility:

ptot
s,t ≤ ppeak

s ≤ P̄ grid ∀s, t (5.11)

5.3.3. Building simulator and Ex-post loss

The optimized temperature schedule is deployed in the EnergyPlus simulator
to evaluate its real-world feasibility and performance [17]. EnergyPlus is widely
regarded as the reference tool for high-fidelity building energy simulation. It
is developed and maintained by the U.S. Department of Energy (DOE), which
uses it for for developing and evaluating national building energy codes and
efficiency standards.

EnergyPlus receives the zone-level temperature setpoints τ in
t,z as control in-

puts and simulates the building’s true thermal and operational response based
on high-fidelity physical modeling and actual occupancy. The simulator at-
tempts to follow the setpoints within physical limits, returning the actual
heating and cooling power consumption p̌tot

t and any comfort violations due
to unachievable targets. This enables the computation of the ex-post per-
formance metric ℓ

(
Sim(d∗, ytrue)

)
, as defined in (5.4), which captures both

realized energy cost and comfort deviations.
The loss combines three components, i.e., (i) the realized energy cost, com-

puted from the true electricity prices λ̌t and power consumption p̌tot
t , (ii) the

thermal comfort violations based on the deviation from the target indoor tem-
peratures, and (iii) a disappointment penalty, which quantifies the mismatch
(regret) between the expected and actual cost. Together, the first two compo-
nents form the ex-post objective value of the control policy. We refer to this
loss as Ex-post+. It is here defined as:

ℓ(·) =
tT∑
t=t0

(
p̌tot
t λ̌t︸ ︷︷ ︸

Ex-post cost

+
Z∑

z=0

wt,z(∆τ̌ in
t,z)

2

︸ ︷︷ ︸
Comfort deviation

)
+ RMSE(Č − C)︸ ︷︷ ︸

RMSE Power Cost

, (5.12)

where ∆τ̌ in
t,z = τ̌ in

t,z − T target
t,z and RMSE(Č − C) =

√
1
T

∑tT
t=t0

(p̌tot
t λ̌t − ptot

t λt)2.
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5.4. Training procedure
Before applying DFL in section 5.4.2, the forecaster fθ is first pretrained using
a traditional statistical learning procedure in section 5.4.1. This pretraining
step provides a good initialization for the model parameters, improving both
convergence stability and computational efficiency during DFL optimization.

5.4.1. Warm-start with physics-informed statistical loss
The proposed forecaster fθ is trained to predict both deterministic parameters
ŷRC and probabilistic perturbation terms µϵ, σϵ.

To reflect the physical constraints of the system, the output layer enforces
positivity on all physical quantities by applying a ReLU activation to ŷRC, σϵ.
This ensures that conductances, capacitances, efficiencies, and the standard
deviation of the noise remain strictly non-negative. In addition, we force the
matrix Gint to be null on its diagonal (no self-conductance). The mutual
conductance must also be null if two zones do not share a wall or a ceiling.
The resulting matrix must be symmetrical (heat transfer from zone z to z′

has the same conductance as from z′ to z). These three constraints (diagonal
null, mutual conductance null for non-adjacent zones, symmetry) reduce the
number of parameters to learn in Gint from 225 to 24.

The predicted model parameters are used to compute a probabilistic fore-
cast of indoor air temperatures τ̂ in

t,z in all zones via the thermal dynamics model
in (5.1). An intuitive approach would be to use the Negative Log-Likelihood
(NLL) loss on the predicted temperature distributions. However, this loss dis-
regards yRC and learns only µϵ, σϵ, as we proof in Appendix C. Therefore, the
model specificity requires to craft a loss encompassing the multiple objectives:

1. ŷRC must provide a physically meaningful RC model,

2. ŷRC should evolve smoothly over time,

3. µϵ, σϵ must capture the probabilistic perturbation.

First, we use an MSE loss on the model prediction (without residual) τ̂ in
RC

with respect to the target τ in to train the RC parameters. Second, we add a
regularization term that penalizes temporal variability in the RC parameters,
encouraging physically consistent and smoothly changing dynamics. Third,
we assess how well ϵ captures both accuracy and uncertainty by employing a
NLL loss between the predicted Gaussian distribution µϵ, σϵ and the indoor
temperature perturbations that cannot be explained by the RC model alone
ϵtrue = τ true − τ̂ in

RC. The resulting loss is
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LWS(θ) = Et,z

[
MSE(τ true

t,z , τ̂ in
RC, t,z) + CV

(
ŷRC)− logN

(
ϵtrue
t,z

∣∣ µ̂ϵ
t,z, (σ

ϵ
t,z)

2
)]

,

(5.13)

where τ true
t,z denotes the observed indoor temperature in zone z at time t, τ̂ in

RC,t,z

denotes the predicted indoor temperature by the RC model without residual
in zone z at time t, and N (· |µ, σ2) represents the Gaussian likelihood param-
eterized by the predicted mean µ̂ϵ

t,z and variance (σϵ
t,z)

2. The term CV(ŷRC)
is the sum of the temporal coefficient of variation defined as the ratio of the
standard deviation and the absolute mean, CV = σ/|µ|, of all the RC param-
eters (except for the residual), which enforces that they vary smoothly over
time.

This formulation penalizes both systematic bias (through the mean pre-
diction) and miscalibrated uncertainty (through the coefficient of variation),
encouraging the model to accurately represent the stochastic variability of the
thermal dynamics.

5.4.2. DFL training

We optimize the values of θ that parametrize the forecaster fθ of the build-
ing thermal dynamics. Here, x = xfull and ytrue are two correlated random
vectors characterized by their joint distribution P(x,ytrue). Practically, the true
distribution P(x,ytrue) is unknown, and it is approximated via a training set
D = {xi, ytruei}Ni=1. The DFL training problem can thus be formulated as :

min
θ

E(x,ytrue)∈D
[
L(θ)

]
= min

θ
E(x,ytrue)∈D

[
ℓ
(
Sim(z∗(ŷ), ytrue)

)]
. (5.14)

This problem is solved using gradient descent, i.e., an iterative algorithm
that adjusts θ to minimize the expected return L(θ). The update rule for
gradient descent is:

θ ← θ − α∇θE(x,ytrue)∈D
[
L(θ)

]
. (5.15)

where α is the learning rate, controlling the step size of each update. The
procedure requires to compute the gradient of the expected loss, which rep-
resents the direction in the parameter space Θ that increases L(θ) the most.
Since the distribution of data D is fixed and independent of θ, the gradient of
the expected loss reduces to an average of per-sample gradients over the entire
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training set:

∇θE(x,ytrue)∈D
[
L(θ)

]
= E(x,ytrue)∈D

[
∇θL(θ)

]
(5.16)

=
1

|D|
∑

(x, ytrue)∈D

[
∇θL(θ)

]
. (5.17)

In practice, evaluating this full sum at every update is computationally ex-
pensive. Therefore, we approximate it using mini-batch stochastic gradient
descent, where at each iteration the gradient is estimated from a small ran-
domly sampled subset B of D.

The non-differentiability of both the building simulator S and the mixed-
integer optimization problem (5.3) prevents the use of backpropagation-based
training. Instead, we leverage the score function (REINFORCE) gradient es-
timator, which provides unbiased gradient estimates in absence of differentia-
bility, provided the loss function can be expressed as an expectation over a
differentiable probability distribution parameterized by θ. Therefore, we build
p′θ(·|xfull), defined as

p′θ(·|xfull) =
{
N
(
ŷRC(xfull; θ), σRC),N (µϵ(xfull; θ), σϵ(xfull; θ)

)}
, (5.18)

where σRC is arbitrarily fixed to provide a distribution over ŷRC that enables
the use of REINFORCE to learn θ.

∇θL(θ) = ∇θEŷ∼p′θ

[
ℓ(Sim(d∗(ŷ), ytrue))

]
= Eŷ∼p′θ

[
ℓ(Sim(d∗(ŷ), ytrue)) · ∇θ log p

′
θ(ŷ)

]
(5.19)

where the expectation Eŷ∼p′θ
is estimated using i = {1, . . . , N} Monte-Carlo

samples from the predicted distribution p′θ, i.e.,

∇θL(θ) ≈
1

N

N∑
i=1

[
ℓ
(
Sim

(
d∗(ŷ(i)), ytrue

))
· ∇θ log p

′
θ

(
ŷ(i)
)]
. (5.20)

In practice, each REINFORCE sample ŷ(i) is passed to the downstream
optimization problem. To capture uncertainty in thermal dynamics, such as
human occupancy or exogenous heat gains, we employ a scenario-based op-
timization approach that leverages the distributional information encoded in
p′θ. Hence, we treat each ŷ(i) as an S-dimensional vector ŷ(i) = (ŷ

(i)
1 , . . . , ŷ

(i)
S ),

where each component ŷ(i)s ∼ pθ(·|xfull) is drawn independently to represent one
possible scenario of building dynamics. Under this conditional independence
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assumption, the joint probability decomposes as

p′θ
(
ŷ(i)|xfull) = S∏

s=1

pθ
(
ŷ(i)s |xfull), (5.21)

and the corresponding score term in the REINFORCE gradient becomes a sum
of individual log-probability gradients:

∇θ log p
′
θ

(
ŷ(i)|xfull) = S∑

s=1

∇θ log pθ
(
ŷ(i)s |xfull). (5.22)

Substituting this into Eq. (5.20) yields the Monte Carlo estimator

∇θL(θ) ≈
1

N

N∑
i=1

ℓ
(
Sim

(
d∗(ŷ(i)), ytrue

))
·

(
S∑

s=1

∇θ log pθ
(
ŷ(i)s |xfull)) , (5.23)

where d∗(ŷ(i)) is the optimal decision for the i-th Monte Carlo sample, obtained
by solving the scenario-based optimization over the S sampled scenarios of
thermal dynamics.

The resulting training is described in Algorithm 2.
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Algorithm 2 DFL training with REINFORCE gradient estimator
1: Initialize parameters θ from warm-start
2: Initialize best validation loss Lbest ← +∞
3: for each epoch do
4: for each training mini-batch B do
5: Initialize gradient accumulator g ← 0
6: for each (x, ytrue) ∈ B do
7: for i = 1 to N do
8: Sample scenarios ŷ(i) from pθ(·|xfull)
9: d∗(ŷ(i))← solve scenario-based optimization

10: end for
11: ∇θL(θ)← compute the gradient estimator using (5.23)
12: g ← g +∇θL(θ)
13: end for
14: Update θ ← θ + α · g
15: end for
16: Compute validation loss
17: Apply early stopping after 10 epochs without improving Lbest.
18: end for

5.5. Case study

We evaluate the performance of the proposed DFL pipeline for identifying pa-
rameters of a building’s thermal model on a medium office building (4,928m2)
located in Denver, CO (USA). The building is modeled using EnergyPlus [17],
a high-fidelity, physics-based building simulator [22]. The building, already
used in section 3.5.1, includes three floors, each of which being composed of 5
zones that are jointly thermally controlled by a single HVAC system. The sim-
ulations are conducted over a set of representative days, selected via clustering
from a full-year dataset (see section 5.5.1). The building follows a typical office
occupancy schedule, with most activity occurring on weekdays between 7a.m.
and 6p.m.

All computations are carried out on a MacBook Pro with M1 Pro chip and
32GB of RAM.

5.5.1. Data & Clustering

Regarding weather, we use two hourly datasets representing a typical meteo-
rological year for Denver. The first one is used for pre-training. The second
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one is used for DFL. Regarding price signals, we use the day-ahead market
price of Belgium for 2024 available on the website of ENTSEO-e.

Since each forward pass in DFL is time-consuming, we want to maximize
the information of each sample (i.e., a day). To that end, we cluster the
data following a two-step procedure. First, we identify extreme scenarios.
These extreme scenarios will be fixed centroids. Second, we run a k-medoid
algorithm to partition the data between representative clusters and extreme
scenario clusters.

We cluster with respect to the metric k. The metric k combines two com-
ponents with high impact on our model accuracy and decisions: the weather
and the electricity price. The weather component considers the outdoor tem-
perature and the total horizontal solar radiation G. The distance between two
days is computed as the Euclidean distance over the hourly vector k ∈ R24

defined as:

k = 0.8τ̃ out + 0.2G̃︸ ︷︷ ︸
Weather

+ λ̃︸︷︷︸
Elec. Prices

, (5.24)

where all variables .̃ are normalized.
We set six extreme scenarios before starting the k-medoid algorithm: the

days with the lowest and highest electricity prices, the days with the lowest
and highest weather component, the days with the highest price variance, and
weather component variance. It turns out that the day with the highest price
variance is the same as the day with the highest price. Consequently, the
number of extreme scenarios decreases to five.

Then, we run k-medoid algorithm to find ten clusters. Five medoids are
fixed, they are the extreme days. Five extra medoids are randomly initialized.
Figure 5.2 gives information about the medoids. The number of samples per
cluster ranges from 2 to 68. Interestingly, the cluster with the maximum price
is associated with very low outdoor temperature and sun. In contrast, the
cluster associated with the minimum price is associated with mild temperature
(average of about 20°C) and abundant sunshine.

During DFL training, the loss of each medoid is multiplied by the repre-
sentativeness of this medoid (i.e., the probability that a day picked randomly
belongs to the cluster associated with the medoid). This forces the model to
focus on the representative days that are more likely to occur.

For validation, we randomly sample one day per cluster without replacement
(i.e., the sampled day is not returned to the database). For testing, we again
sample one day per cluster.
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Figure 5.2.: Number of samples per cluster, as well as average and standard
deviation for the electricity price, outdoor temperature, and hori-
zontal solar radiations.
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5.5.2. Benchmarks
We compare our reference stochastic dynamic spatial RC model (with positiv-
ity constraints) to four static RC model:

1. The first benchmark, RC, is a conventional RC model in its simplest form.
The model has 60 unconstrained parameters: C−1,ηheat,ηcool,Gout ∈
R|Z|=15, and is defined as:

τ in
t+1 = τ in

t +C−1 ⊙
(
ηheat ⊙ pheat

t − ηcool ⊙ pcool
t

+Gout ⊙ (τ out
t 1− τ in

t )
)
∆t.

2. For the second benchmark, RC+, we impose the positivity of the param-
eters to reflect their physical meaning.

3. The third benchmark, RCGint,ϵ, is the spatial version of RC with a resid-
ual. The model equation is similar to (5.1b) but ϵ is deterministic (no
σϵ). The number of parameters rises to 300, including 225 for the un-
constrained indoor conductance matrix Gint.

4. The last benchmark, RC+
Gint,ϵ

, is the constrained version of RCGint,ϵ. All
parameters must be positive and the number of non-zero elements in Gint

is 24 by imposing symmetry, zeros on the diagonal and mutual conduc-
tance of non-adjacent zones. For more details, refer to subsection 5.4.1.
The total number of parameters is 99.

First, we analyze the performance of the thermal models on historical data.
Second, we evaluate the quality of the control policy based on these thermal
models without further training (no DFL). Third, we assess the control policy
after refining the models with DFL. For these three steps, no stochasticity is
involved. Lastly, we evaluate the performance of DFL model when sampling
2, 5, and 10 scenarios for robust optimization.

5.5.3. Pre-training
In this section, we analyze the performance of the RC models trained, vali-
dated, and tested on the first dataset made of one year of historical data. The
maximum number of epochs is set to 200 with an early stopping patience of
10 epochs if there is no improvement on the validation. Since the RC model
finality is to be embedded in a day-ahead problem, we report the metrics over
24h-ahead forecasts in Table 5.1.
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Model RC RC+ RCGint,ϵ RC+
Gint,ϵ

DRC+
Gint,ϵ

Loss MSE MSE MSE MSE (5.13)
RMSE [°C] 1.78 1.77 1.27 1.63 0.27
MAE [°C] 1.30 1.33 0.85 1.20 0.15
MAPE [%] 5.90 6.02 3.91 5.42 0.70
R2 0.32 0.34 0.66 0.44 0.98
Nb. Epochs 20 71 68 58 36
Time [s] 7 20 20 19 882

Table 5.1.: Test metrics for the pre-training on one year of historical data (i.e.,
rule-based control). The best model is by far the proposed context-
aware dynamic RC (DRC) model despite parameters constrained
to be positive to reflect physics and sparse Gint indicated by .+.
Indices Gint and ϵ indicate if the model has a spatial conductance
matrix and a residual, respectively.

First, we compare the four static RC models; their parameters are constant
over time. We start with the conventional RC model. The R2 is 0.32 and the
RMSE is 1.78°C. The second model RC+ forces the parameters to be posi-
tive, which does not degrade performance. RC+ is even slightly better. Albeit
counterintuitive, the added information about the physics of the problem ex-
plains the improved performances in the day-ahead forecast. The third model
RCGint,ϵ has no positivity constraint but features a perturbation vector ϵ and
inter-zonal admittance matrix Gint. Among the static models, it reaches the
highest R2 at 0.66 and lowest error metrics. Unlike for the non-spatial RC
model, adding constraints on the RC parameters (not on ϵ) reduces the per-
formances. This is because, in addition to positivity constraints, the number
of non-zero elements in the indoor admittance matrix Gint falls from 225 to
24, which reduces the modeling power and thus the prediction accuracy.

The last column of Table 5.1 reports the performance of the dynamic RC
(DRC) model. DRC+

Gint,ϵ
exhibits excellent accuracy with an R2 at 0.98 and

an RMSE at 0.27°C. DRC+
Gint,ϵ

outperforms all models significantly. This is
due to the probabilistic forecaster ability to adapt the RC model parameters
to the conditions along with the perturbation ϵ.

Regarding training time, the simple RC model takes 7 seconds while more
evolved static versions need about 20 seconds. This can be explained by the
lower number of epoch for the simple RC model to converge. DRC+

Gint,ϵ
takes

about 15 minutes despite a low number of epochs before convergence. The
complexity of the model is responsible for this longer time. Because pre-
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training is performed once and off-line, training time is not critical.

5.5.4. ITO Results
Table 5.2 presents the optimization outcome when thermal models are plugged
as a constraint directly after pre-training. This is the conventional two-stage
ITO. To give an order of magnitude, the day-ahead scheduling problem has
about 10,000 constraints, 10,000 variables, and 1300 parameters.

Metric RC RC+ RCGint,ϵ RC+
Gint,ϵ

DRC+
Gint,ϵ

Ex-post+ 145.8 173.0 304.0 169.8 169.6
Ex-post Obj. Val. 95.8 89.0 237.8 96.1 103.1
Ex-post Power Cost 67.9 86.6 142.0 92.9 96.1
Ex-post Temp Penalty 27.9 2.4 95.8 3.2 7.0
Expected Obj. Val. 48.0 13.6 730.4 27.6 45.4
Expected Power Cost 22.0 12.2 97.0 25.5 39.0
Expected Temp Penalty 26.0 1.4 633.4 2.1 6.4
RMSE Cost 49.9 84.0 66.2 73.7 66.5

Table 5.2.: Optimization results of the ITO approach (no DFL).

Out of the five models, four have their weighted average ex-post objective
value around e100 per day. Only the model RCGint,ϵ, which was the best static
model on historical data, collapses entirely with an ex-post objective value of
e237.8. The absence of physics-information led to a model with no robustness
to regime chance and distribution shift. The four other models (RC, RC+,
RC+

Gint,ϵ
, DRC+

Gint,ϵ
) perform well. Each has upsides and downsides.

The RC model has the lowest ex-post power cost and most accurate power
cost prediction (i.e., minimal Root Mean Squared Error (RMSE) on cost) but
the highest thermal discomfort penalty.
The constrained RC model RC+ has the lowest ex-post objective value at e89.0
per day. However, it has the greatest power cost misestimation with an RMSE
on the cost at e84.
RC+

Gint,ϵ
outperformed its unconstrained counterpart RCGint,ϵ. It has balanced

performances with an ex-post objective value at e96.1, and a low thermal dis-
comfort at e3.2.
The dynamic model DRC+

Gint,ϵ
looses its advantage over the static models (ex-

cept RCGint,ϵ). The complete change of dynamics due to demand response cre-
ates new links between contextual information (such as electricity price) and
the operating points that the LSTM encoder-decoder did not learn. DRC+

Gint,ϵ
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has a high ex-post value at e103.1 driven by both high HVAC power cost at
e96.1 and thermal discomfort at e7.0. The power cost RMSE is at e66.5.

Important conclusions can be drawn from these results. First, the forecasting
performance of a model on historical data does not reflect once this model is
part of a control problem. Second, all models underestimate the ex-post cost
because optimization exploits the model inaccuracies that help improve the
objective value.

5.5.5. Deterministic DFL Results
This section reports the results of the deterministic models after DFL training.
For each thermal model, nine trainings were performed with different hyper-
parameters. The set of possible hyperparameters H is obtained by cartesian
product of three standard deviation for SS on all deterministic parameters ŷRC

and three learning rates:

H = {0.001, 0.1, µ
10
}σ × {0.0005, 0.001, 0.005}α (5.25)

Table 5.3 reports the models with the lowest validation loss.

0 6 12 18 24 30 36 42 48
Epoch

140

145

150

155

160

Ex
po

st
+

Train.
Val.

Figure 5.3.: Training and validation loss curves for the DRC+
Gint,ϵ

model.

DFL optimizes for the Ex-post+ loss (5.12). Overall, the results after DFL
remain similar to those of the warm-start, especially for RC, RC+, and RC+

Gint,ϵ
.
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Only two models, RCGint,ϵ and DRC+
Gint,ϵ

, see a significant improvement because
of training. The change in RCGint,ϵ is mostly due to the very poor warm-start
making it simple to find better parameters. The improvement of DRC+

Gint,ϵ
is

more interesting. The Ex-post+ loss falls from about 170 to 155, a reduction
of roughly 9%. Both components of Ex-Post+, the ex-post objective value and
the RMSE on the cost, decrease.

We show the training and validation curves of the model DRC+
Gint,ϵ

in Fig-
ure 5.3. The training and validation losses follow very similar trends. The
overall shape is the one of a negative exponential as expected. It is some-
what noisier than supervized learning curve which is normal for learning with
REINFORCE. However, the results of the simplest model, RC, show that a
better optimum in terms of Ex-Post+ is possible. The models RCGint,ϵ and
DRC+

Gint,ϵ
should be able to reach at least that optimum. We believe that

the signal of the gradient is not strong enough to effectively guide the model,
thereby making the warm-start the decisive factor. Further work should try to
increase the batch size, and the number of samples N to improve the gradient
quality. Better balancing exploration and exploitation could also be beneficial.
For instance, the default standard deviation σRC for the RC parameters could
decrease during training thereby forcing exploration in the early stages before
exploitation.

5.5.6. Probabilistic DFL Results

In Table 5.4, very preliminary results of scenario-based robust optimization
are presented. We evaluated the models for 2, 5, and 10 scenarios. Note that
all models have the same warm-start presented in Table 5.2. Then, DFL trains
each model considering the number of scenarios.

Overall, the loss Ex-post+ decreases with the number of scenarios. From
2 to 5 scenarios, the decrease is driven by a diminution of the power cost.
From 5 to 10 scenarios, the decrease is driven by a reduction of the comfort
penalty. However, stochastic DFL optimization underperforms deterministic
DFL optimization.
Adding scenarios increases the computation time. Test time went from about
100 seconds for optimization and simulation in the deterministic approach,
to roughly 500 seconds for 2 scenarios, 800 for 5 scenarios, and 1000 for 10
scenarios. Since the simulation time remains the same, the increase is due to
the time to solve the optimization problem. Training time increases to about
four hours. Interestingly, training converges with a reducing number of epochs
when the number of scenarios increases.
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Nb. Scenarios S 2 5 10 Det.

Ex-post+ 167.7 166.9 161 154.6
Ex-post Obj. Val. 103.7 103.3 99 99.6
Ex-post Power Cost 97.3 94.3 94.3 94.2
Ex-post Temp Penalty 6.4 9 4.7 5.4
Expected Obj. Val. 50.7 50.5 46.3 57.7
Expected Power Cost 44.6 41.5 42.8 53.3
Expected Temp Penalty 6.1 9 3.5 4.4
RMSE Cost 64 63.6 62 55
Nb. Epochs 34 13 11 49
Trng Time [s] 10783 16823 14335 5029
Test Time [s] 487 808 983 105

Table 5.4.: Test of the DFL DRC+
Gint,ϵ

model with robust optimization built on
2, 5, and 10 scenarios. Deterministic (Det.) results are reproduced
for comparison.

5.6. Conclusion

This chapter has extended the DFL framework to a stochastic, context-aware
setting, where building thermal dynamics are modeled by a probabilistic,
multi-zone RC model. The RC parameters evolve with exogenous informa-
tion such as weather, hour of the day, and electricity price. By coupling this
dynamic grey-box model with a scenario-based HVAC scheduling formulation
and a REINFORCE-type gradient estimator, this chapter has shown how to
propagate decision signals through a non-differentiable pipeline comprising a
mixed-integer optimizer and a high-fidelity simulator.

The context-aware RC formulation significantly improves forecasting metrics
on historical data. However, when embedded into day-ahead optimization, this
dynamic RC model does not outperform static ones. The numerical results in-
dicate that improved forecasting accuracy does not automatically translate into
better ex-post decision quality. These observations confirm the misalignment
between ITO metrics and decision performance already observed in previous
chapters.
When performing DFL, the dynamic model has the most significant improve-
ment, although the deterministic DFL experiments also underline the strong
influence of the warm-start and the limited strength of the gradient signal in
some configurations.

Methodologically, the chapter highlights both the promise and the difficulty
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of combining stochastic thermal models with DFL. On the positive side, the
same probabilistic parameterization that enables REINFORCE-based gradi-
ents also naturally feeds scenario-based optimization, aligning model uncer-
tainty with robust decision-making under uncertainty. On the other hand, the
benefits of DFL are bounded by model expressiveness, gradient variance, the
computational burden of the forward pass, and the number and representa-
tiveness of scenarios.

The current results are still preliminary, particularly for the DFL configu-
rations, either deterministic or probabilistic, where computational constraints
and gradient noise have so far prevented a complete evaluation. Nonetheless,
the deterministic (single-scenario) experiments already suggest that context-
aware, RC models trained with SS-DFL can improve ex-post objective value
and cost prediction compared to their conventional ITO equivalent, while pre-
serving tractability of the downstream optimization.

This opens several avenues for future work, including more expressive and
physically structured stochastic models, tighter integration of the parameter
distributions with chance-constrained or risk-aware formulations, improved
variance reduction for REINFORCE, and a more systematic design of rep-
resentative scenarios for DFL training.
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CHAPTER 6.

Conclusion and Perspectives

This thesis develops a unified framework for model-based control of building
Heating, Ventilation, and Air-Conditioning (HVAC) systems under dynamic
prices, using optimization and Machine Learning (ML) to align thermal mod-
eling with downstream decision quality. Across the thesis, we moved from
convex, linear models and deterministic formulations to non-convex, neural
and probabilistic models embedded in mixed-integer and scenario-based op-
timization. This progression has enabled increasingly realistic representa-
tions of building dynamics and uncertainty, while maintaining a clear focus
on the decision-making task: scheduling HVAC in a way that is cost-effective,
comfort-preserving, and robust to model error and exogenous variability.

6.1. Summary of main contributions

The thesis starts by motivating building HVAC as a major yet underused flex-
ibility resource, and by identifying the core methodological gap of the conven-
tional Identify-Then-Optimize (ITO) pipeline: models are trained to minimize
statistical error, not to support good control actions in the regimes that matter
for demand response. This leads to structurally misaligned training objectives
and, in practice, to poor cost predictions and suboptimal schedules when these
models are embedded in day-ahead scheduling problems.

To address this gap, three levels of Decision-Focused Learning (DFL) con-
tributions were developed. At the convex level, we formulated a DFL frame-
work for linear Resistance-Capacitance (RC) building models embedded in a
quadratic program for day-ahead HVAC scheduling. By differentiating through
the cone program, we showed how to update RC parameters to directly reduce
an ex-post, task-aware loss defined on electricity bills and comfort, rather than
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on temperature Mean Squared Error (MSE).
At the non-convex level, we embedded Rectified Linear Unit (ReLU) feedfor-
ward Neural Network (NN) as exact mixed-integer linear constraints in the
HVAC management problem, obtaining a Mixed-Integer Quadratic Program
(MIQP) that captures nonlinear thermal dynamics while preserving the op-
timality guarantees and interpretability of mathematical programming. We
then introduced Stochastic Smoothing (SS) with a score-function gradient es-
timator (REINFORCE-type) to obtain informative gradients without differen-
tiating the MIQP itself.
At the stochastic level, we proposed a probabilistic, context-aware RC model
whose parameters evolve with exogenous forecasts (weather, occupancy prox-
ies), and trained it within a scenario-based DFL scheme that explicitly targets
robustness of decisions to both modeling and exogenous uncertainty. The same
SS machinery provides gradients with respect to distributions over parameters,
enabling decision-aware identification in a probabilistic setting.

These contributions are applied on realistic case studies (multi-zone office
buildings driven by real weather and price data, with a high-fidelity simulator,
EnergyPlus, in the loop), and consistently show that DFL-trained models can
provide lower ex-post costs and more reliable bill predictions than their ITO
counterparts, even when the latter achieve lower temperature prediction errors
on historical data. The results highlight, in particular, that a simple DFL-
trained RC model may outperform a more complex ITO-trained neural model
when evaluated on decision metrics.

6.2. Impact on HVAC flexibility and demand
response

Methodologically, the thesis clarifies how the misalignment between prediction
metrics and control objectives undermines the economic and operational value
of building flexibility in day-ahead markets. The ITO paradigm leads to models
that are accurate in regions spanned by historical operation but unreliable
in the regions explored by demand response (aggressive pre-cooling or pre-
heating, new comfort envelopes, atypical thermal dynamics), which are exactly
where value is created. The DFL approach redirects modeling capacity to these
regions by using ex-post cost and comfort penalties as training signals.

From a power systems perspective, the main implication is improved val-
uation and exploitation of flexibility. By aligning model identification with
market-driven objectives, building operators can operate more accurate and
reliable demand response scheduling at the day-ahead horizon, reducing sys-
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tematic underestimation of consumption and mitigating unexpected cost over-
runs.

A second implication is robustness to distribution shifts. The DFL-trained
models show improved resilience to temperature distribution shifts (e.g., "hot
years" in section 3.5.6) compared to ITO models calibrated on historical cli-
mates. This is critical under climate change, where future operating regimes
systematically depart from past data.

A third implication is the power of hybrid models, which bridges physics-
based and data-driven modeling. The thesis demonstrates that grey-box mod-
els (RC with data-driven parameter learning, possibly context-dependent and
stochastic) strike a favorable compromise between interpretability, tractabil-
ity, and control performance when trained with decision-aware losses. Fully
black-box models trained in an ITO fashion are shown to be brittle in control
tasks, even when they excel at pure forecasting.

Finally, by embedding neural models directly as optimization constraints in-
stead of using end-to-end policy networks, the proposed approach preserves the
structure of model predictive control and mathematical programming, which is
important for explainability, safety constraints, and integration with existing
industrial toolchains.

6.3. Methodological insights

The thesis offers several methodological insights that go beyond the specific
HVAC application. First and foremost, this thesis repeatedly shows that de-
cision metrics and prediction metrics may not align. The case studies consis-
tently show that lower MSE on historical temperature data does not guarantee
lower ex-post cost or better comfort when the model is used in a scheduling
problem. This reinforces the need to evaluate and train models on decision-
centric metrics.

Regarding gradient computation, we show that implicit differentiation of
Karush-Kuhn-Tucker (KKT) conditions is effective and efficient for convex con-
trol policies. However, in the presence of integer variables and non-differentiable
simulators, gradients through the optimization layer become either zero or un-
defined almost everywhere. SS with score-function estimators offers a prin-
cipled alternative that does not require differentiability of the optimization
problem or the physical system.

Because DFL is by nature computationally expensive, the trade-off between
model complexity and trainability is stricter than for ITO. Increasing the com-
plexity of the neural thermal model (more ReLUs, deeper networks) improves
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modeling capacity but significantly increases training and inference times due
to the combinatorial explosion of the MIQP, with diminishing returns on ex-
post cost when gradients become noisy. In several experiments, small neural
models or even RC models with DFL training outperform larger architectures
in terms of decision quality per unit of computational effort.

Lastly, the construction of the training dataset requires great care. Since
each forward pass in DFL involves solving a large optimization problem (and
often a simulation), the thesis introduces a clustering-based scenario selection
procedure that maximizes information per sample: extreme days and repre-
sentative medoids defined on joint weather-price features. This is essential
to make DFL computationally tractable and points toward principled links
between scenario reduction in stochastic programming and data selection in
DFL.

6.4. Limitations

The thesis also makes explicit several limitations that bound the current ap-
plicability of the methods and motivate future research.

The first major limitation is computational burden. DFL training is orders
of magnitude more expensive than standard supervised learning, primarily
because each forward pass requires solving a day-ahead scheduling problem
(quadratic program or MIQP) and simulating ex-post behavior. Even with
modest model sizes and a limited number of scenarios, training times reach
several hours on a single machine.

To maintain convex optimization or Mixed-Integer Program (MIP) struc-
ture, the thermal models are necessarily simplified. Linear RC models can-
not capture important nonlinearities (e.g., radiation effects, complex HVAC
equipment behavior), while piecewise-linear neural models, although more ex-
pressive, still approximate the true dynamics and can be sensitive to Big-M
choices. This limitation comes directly from the type of optimization that can
be handled by solvers.

Another challenge is gradient variance and warm-start dependence. The
REINFORCE-based SS gradients have high variance, and the final DFL perfor-
mance is often heavily influenced by the quality of the supervised warm-start.
In some experiments, DFL offers limited improvement over ITO, indicating
that the gradient signal is not always strong enough to systematically escape
local minima.

Scalability to portfolio scale is an open problem. The case studies focus on
relatively small buildings with 5 and 15 zones. Extending the same level of
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modeling and optimization detail to aggregations of hundreds or thousands of
buildings, or to joint building–network problems, remains an open challenge
due to both computational and data limitations.

Currently, there is a limited treatment of operational uncertainty. While
the last chapter introduces probabilistic models and scenario-based optimiza-
tion, the treatment of uncertainty is still preliminary. Uncertainty enters via
parameter distributions and sampled scenarios, but formal chance constraints
and risk measures (e.g., Conditional Value-at-Risk, CVaR) are not yet fully
integrated into the DFL loop.

Finally, the proposed frameworks rely on the accessibility of high-quality
training data in real-world deployments. The studies leveraged a high-fidelity
EnergyPlus simulator, which generates rich and consistent trajectories of build-
ing dynamics, control decisions, and energy costs. In practice, data collection
is often constrained by limited sensing infrastructure, incomplete metering,
sensor outages, missing historical records, or confidentiality restrictions on
building and tariff data. Although the proposed method relies only on a small
set of variables (ambient and indoor temperatures, HVAC power consumption,
and air flow per zone), the implementation of such sensing coverage in existing
buildings remains challenging. Consequently, while the approach performs well
under simulation-based and offline training conditions, practical deployment
will likely require hybrid strategies, such as integrating measured data with
calibrated digital twins, transfer learning, or reduced-order surrogate models,
to alleviate data scarcity and improve robustness.

These limitations underline that DFL is not a drop-in replacement for ITO,
but rather a powerful tool that must be used judiciously where the value of
improved decisions justifies the extra complexity.

6.5. Perspectives for Future Research

Building on the insights and limitations above, several promising research di-
rections emerge, which are listed below.

6.5.1. Richer and More Scalable Modeling

Surrogate models for simulation — The current DFL pipeline relies on
high-fidelity simulators (e.g., EnergyPlus) to evaluate ex-post performance. A
natural extension is to train fast surrogate models (e.g., reduced-order physics,
emulator networks) that approximate simulator outputs sufficiently well for
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early DFL iterations, and progressively transition to the full simulator as train-
ing stabilizes.

Optimization formulations for entire neural networks — Embedding
neural networks neuron-wise into Mixed-Integer Linear Program (MILP)/MIQP
formulations via Big-M limits both tightness and scalability. Future work
should explore formulations that operate at the layer or network level to ob-
tain tighter and more scalable optimization models with explicit optimality
and feasibility guarantees.

6.5.2. Advanced Decision-Focused Learning Techniques

Variance reduction — The REINFORCE estimator used here is unbiased
but high-variance. Adopting variance reduction techniques (e.g., baselines)
tailored to the HVAC scheduling context could yield more stable gradients
and reduce the dependence on strong warm-starts.

Meta-learning and warm-start transfer — Given the cost of DFL for
each building, methods to transfer knowledge between buildings become cru-
cial. Meta-learning or transfer learning schemes could learn priors over thermal
models or DFL parameters that are quickly adaptable to new buildings with
limited additional DFL steps. This would support scale-up for aggregators
managing heterogeneous portfolios.

Context-aware and adaptive models — The probabilistic, context-depen-
dent RC models introduced in chapter 5 open the door to adaptive models that
evolve over time with changing building usage and climate. A key research
question is how to design online or periodic DFL updates that safely adapt
model parameters while ensuring continuity of service and avoiding harmful
forgetting.

Integration with real-time control. — The thesis focuses on day-ahead
scheduling, with the implicit assumption that real-time controllers compensate
for residual model errors. A natural extension is to co-design day-ahead and
real-time policies: using DFL to train models and scheduling policies that are
explicitly aware of the structure and limitations of the downstream real-time
Model Predictive Control (MPC) or rule-based layer. This suggests a multi-
level DFL framework spanning day-ahead, intraday, and real-time horizons.
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6.5.3. Uncertainty, Robustness, and Risk
Chance-constrained and risk-aware DFL — Future work should com-
bine SS with explicit chance constraints (e.g., probability of comfort violations)
and risk measures on cost (e.g., CVaR of the bill) within the optimization layer.
This requires generating feasible parameter distributions at scale, and design-
ing gradient estimators that propagate through probabilistic constraints and
risk functionals.

Formal robustness guarantees — While empirical robustness to temper-
ature shifts is encouraging, there is a need for formal guarantees (e.g., bounds
on worst-case cost or comfort violation under bounded model errors). Combin-
ing robust optimization, distributionally robust optimization, and DFL is an
attractive direction that could bridge the gap between learning-based methods
and the safety requirements of critical infrastructure.

6.5.4. System-Level Integration
Coupling with distribution networks and markets — The methods
developed here operate at the building level with exogenous prices. Extending
them to co-optimization with distribution networks (e.g., voltage constraints,
transformer loading) and to endogenous prices (e.g., distribution-level market
clearing with flexible buildings) is a natural extension. This would require
integrating DFL within bilevel or hierarchical market-clearing formulations,
possibly leveraging SS at multiple levels.

Interoperability and deployment — Finally, to impact real systems, the
proposed methods must be integrated into existing building management sys-
tems and energy management platforms. This raises questions around inter-
operability (standardized interfaces between DFL models, simulators, and op-
timization engines), computational deployment (edge vs. cloud), and human-
in-the-loop operation (e.g., presenting decision-focused models and their un-
certainty to operators).

In conclusion, this thesis has shown that aligning model identification with
control objectives through DFL fundamentally changes how we think about
building thermal modeling and HVAC scheduling. By treating learning and
optimization as a single, integrated problem, we can unlock more reliable and
valuable building flexibility for power systems. At the same time, the work
highlights substantial challenges in scalability, robustness, and deployment
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that define a rich research agenda at the intersection of power systems, op-
timization, and machine learning.

THE END
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APPENDIX B.

Differentiable Convex Optimization with
CVXPYLayers

CVXPYLayers provide a mechanism to differentiate convex optimization prob-
lems. A CVXPYLayers represent the solution map of a convex optimization
problem with respect to its parameters and exposes this map to automatic dif-
ferentiation frameworks such as PyTorch, and TensorFlow. This section relies
on material in [92], [102], [103], [140].

B.1. Problem Setup and Solution Map
Consider a parameterized convex optimization problem of the form

minimizex∈Rn f(x; θ)

subject to gi(x; θ) ≤ 0, i = 1, . . . ,mi,

hj(x; θ) = 0, j = 1, . . . ,me,

(B.1)

where

• x ∈ Rn is the decision variable,

• θ ∈ Rp is a parameter vector (the concatenation of all parameters in the
problem),

• f is a convex objective function,

• gi are convex inequality constraint functions, and

• hj are affine equality constraint functions.
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Appendix B. Differentiable Convex Optimization with CVXPYLayers

For each θ, assume that problem (B.1) has a unique optimal solution x⋆(θ).
The CVXPYLayer represents the solution map

S : Rp → Rn, S(θ) = x⋆(θ), (B.2)

associated with problem (B.1).
In a learning setup, one typically defines a loss of the form

L(θ) = ℓ
(
x⋆(θ)

)
= ℓ
(
S(θ)

)
, (B.3)

for some differentiable function ℓ : Rn → R. Backpropagation then requires
the gradient ∇θL(θ). CVXPYLayers compute this gradient analytically by
differentiating through the optimization problem.

B.2. Disciplined Parametrized Programming
and Canonical Cone Program

CVXPY1 uses the Disciplined Convex Programming (DCP) paradigm to guar-
antee convexity of optimization problems. For differentiable layers, the notion
of Disciplined Parametrized Programming (DPP) is introduced to control how
parameters may appear in the problem so that the final cone program data
depend affinely on θ.

B.2.1. DCP and DPP

In DCP, parameters are conceptually treated as constants. In DPP, parameters
are treated as affine expressions, and they must appear only in ways that
preserve the convexity of the overall problem, and affine dependence of the
canonical cone program data d (i.e., the variables and parameters in (B.4))
on the parameters θ. Non-allowed patterns include non-affine compositions
of parameters, such as products of parameters p1p2 or parameters used as
exponents, since these would create nonlinear dependence of the cone data on
θ.

1CVXPY is the open-source Python modeling language for optimization associated with
CVXPYLayers.
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B.2.2. Canonical cone program
Since any convex problem can be expressed as a conic problem [100], CVXPY
transforms (canonicalizes) any DPP-compliant problem into a canonical cone
primal-dual pair of the form

(P ) min
z,s

cT z

s.t. Az + s = b,

(z, s) ∈ Rn ×K,

(D) max
z,s

− bTν

s.t. − ATν + r = c, (B.4)
(r, ν) ∈ {0}n ×K∗,

where

− z ∈ Rnz is the canonical primal variable (including the original variable
x and auxiliary variables),

− s ∈ Rns is a slack variable with ns ≥ nz,
− A ∈ Rme×nz and b ∈ Rme specify constraints,
− c ∈ Rnz is the cost vector,
− ν ∈ K∗ is the dual variable, with K∗, the dual cone of K,
− r ∈ {0}n is the dual residual, with {0}n the dual of Rn

− K is a Cartesian product of standard convex cones: nonnegative or-
thant Rn

+, second-order cones (a.k.a. ice-cream cones or Lorentz cones),
semidefinite cones, etc.

[ Definition: Orthant

An orthant is one of the 2n regions in Rn defined by fixing the signs
(positive or negative) of each coordinate, analogous to a quadrant in 2D
or octant in 3D.

B.3. Affine–Solver–Affine (ASA)
Decomposition

The overall solution map S of a convex program can decomposed into three
successive transformations: (i) the canonicalizer, (ii) the cone solver, and (iii)
the retriever. Let

− C : Rp → D be the canonicalizer,

− s : D → Y be the cone solver’s solution map,
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− R : Y → Rn be the retriever,

where D is the space of cone program data d := (A, b, c), and Y is the space
of primal–dual variables y := (z, s, ν, r).

B.3.1. Canonicalizer

The tuple d := (A, b, c) collects all the data from the cone program.
DPP guarantees the existence of an affine canonicalization map:

C : Rp → D, C(θ) = (A, b, c) := d. (B.5)

C is the map reformulating the initial convex problem (B.1) into the canonic
cone program (B.4).

To express the affine dependence between θ and d explicitly, consider the
augmented parameter vector

θ̃ =

[
θ
1

]
∈ Rp+1. (B.6)

There exist fixed sparse matrices Qc, R
(i)
Ab, such that

c = Qcθ̃,[
A b

]
=

p+1∑
i=1

R
(i)
Abθ̃i.

(B.7)

Equivalently, by stretching our notation so that d := vec(A, b, c), then

d = Mθ̃, (B.8)

for a fixed sparse matrix M . CVXPYLayers compute and store this matrix
(in an implicit sparse form) when constructing a CvxpyLayer object.

B.3.2. Solver

The solver map

s : (A, b, c) 7→ y⋆ = (z⋆, s⋆, ν⋆, r⋆) (B.9)

returns the optimal primal–dual point of the cone program (B.4). Assuming
that strong duality holds, the KKT conditions are necessary and sufficient for
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optimality. Explicitly, y⋆ is primal-dual optimal when

Az⋆ + s⋆ = b, s⋆ ∈ K, (B.10)
ATν⋆ + c = r⋆, ν⋆ ∈ K∗, (B.11)
(ν⋆)T s⋆ = 0. (B.12)

Equation (B.10) is primal feasibility, (B.11) is dual feasibility, and (B.12) is
complementary slackness. Note that stationarity conditions, obtained by dif-
ferentiating the Lagrangian with respect to x and ν, are identical to primal
and dual feasibility. Complementary slackness can equivalently be replaced by
the strong duality condition:

cT z⋆ + bTν⋆ = 0 (B.13)

If we write these conditions under matrix-vector form, we getrs
0

 =

 0 AT c
−A 0 b
cT bT 0

zν
1

 . (B.14)

[ Definition: Homogeneous Function

A function is homogeneous of degree n if, when all the function’s argu-
ments are multiplied by the same scalar k, then the function’s value is
multiplied by kn such that:

f(kx1, ..., kxn) = knf(x1, ..., xn),

for every x1, ..., xn and s ̸= 0.

[ Definition: Self-dual

A problem is self-dual if the primal and dual problem are identical.

Any y satisfying (B.14) is optimal for (B.4). However, if (B.4) is primal or
dual infeasible, then (B.14) has no solution. Therefore, following the homo-
geneous self-dual embedding in [101], CVXPYLayers introduce two variables
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(κ, τ) ∈ Rn × Rn leading to:rs
κ

 =

 0 AT c
−A 0 b
cT bT 0

zν
τ

 (B.15)

⇔ v = Qu. (B.16)

Any solution y = (z, s, r, ν, τ, κ) of the self-dual embedding belongs to one of
these three categories:

1. If τ > 0 and κ = 0, the point (z/τ, ν/τ, s/τ) satisfies the KKT conditions
of (B.4) and is a primal-dual solution.

2. If τ = 0 and κ > 0, then the duality gap cT z+ bTν is negative indicating
primal (bTν < 0) and/or dual (cT z < 0) infeasibility.

3. If τ = κ = 0, nothing can be concluded about the problem except if
bTν < 0 or cT z < 0 indicating primal and dual infeasibility, respectively.

To solve the homogeneous self-dual embedding, CVXPYLayers reformulate the
problem as finding a zero to the normalized residual map of the embedding
defined as:

N (Z) = QΠ

(
Z

|Zm+n+1|

)
+Π∗

(
Z

|Zm+n+1|

)
(B.17)

where

− Z ∈ Rm+n+1 is the concatenation of primal z and slack s variables aug-
mented for the mapping,

− Zm+n+1 is the last component of Z,
− Π is the Euclidean projection on K,
− Π∗ is the Euclidean projection on −K∗.

For the interested reader, more about establishing the residual map is available
at [103].

B.3.3. Retriever

The retriever R extracts the original decision variable x⋆ ∈ Rn from the canon-
ical solution. If the original variable x corresponds to a fixed subset of coor-
dinates of z, then there exists a fixed selection matrix P ∈ Rn×nz such that
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x⋆ = R(y⋆) = Pz⋆. (B.18)

B.3.4. Overall Mapping

The overall solution map represented by the CVXPYLayer is therefore

S(θ) = R
(
s(C(θ))

)
. (B.19)

This is the Affine–Solver–Affine (ASA) decomposition. The canonicalizer C
is affine in θ. The retriever R is affine in y. The cone solver s is the only
nonlinear component.

B.4. Differentiation via the Chain Rule

Let the training loss be

L(θ) = ℓ
(
S(θ)

)
= ℓ
(
x⋆(θ)

)
, (B.20)

and denote by

x̄ :=
∂L
∂x⋆
∈ Rn (B.21)

the upstream gradient provided by the automatic differentiation framework.
The derivative of S at θ can be written via the chain rule as

DS(θ) = DR(y⋆)Ds(d)DC(θ), (B.22)

where d = C(θ) and y⋆ = s(d).
In reverse mode, one needs the adjoint of this derivative,

D⊤S(θ) : Rn → Rp, θ̄ = D⊤S(θ) x̄. (B.23)

[ Definition: Adjoint Matrix

The adjoint (or Hermitian) matrix A⊤ is the transpose of A where com-
plex conjugation is applied to each element. For real matrices, the ad-
joint is identical to the transpose.
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The chain rule gives

D⊤S(θ) = D⊤C(θ)D⊤s(d)D⊤R(y⋆). (B.24)

Thus the backward pass through the CVXPYLayer consists of:

1. Applying D⊤R to x̄ to obtain an adjoint ȳ with respect to the primal–
dual variables y,

2. Applying D⊤s to ȳ to obtain an adjoint data d̄ with respect to the cone
data d,

3. Applying D⊤C to d̄ to obtain the gradient θ̄ with respect to the original
parameters.

The main mathematical difficulty lies in computing the adjoint of the cone
solver D⊤s since the retriever R and the canonicalizer C are affine.

B.4.1. Differentiation of the Retriever

The retriever R : Y → Rn extracts x⋆ from the primal–dual variables y⋆. If
x⋆ = Pz⋆ for a fixed selection matrix P ∈ Rn×nz , then the Jacobian of R with
respect to y is a fixed linear map, and its adjoint acts as follows. Given x̄ ∈ Rn,
set

z̄ = P⊤x̄, s̄ = 0, ν̄ = 0, r̄ = 0, (B.25)

so that

ȳ = (z̄, s̄, ν̄, r̄) (B.26)

is the adjoint fed into the cone-solver backward pass.

B.4.2. Implicit Differentiation of the Cone Solver

We summarize here the differentiation of the cone solver. For more informa-
tion, please refer to [102].

Given ȳ, KKT/Newton matrix H (i.e., the linearization of the KKT system
around the optimal primal-dual point y⋆) is the Jacobian of the normalized
residual map N :

H = DyN (y⋆, d), (B.27)
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and the data sensitivity:

B = DdN (y⋆, d) (B.28)

Then, the adjoint linear system can be solved for the Lagrange multiplier of
the linearized primal-dual constraints in the implicit differentiation formula w
as follows:

HTw = ȳ (B.29)

The adjoint of the problem data d̄ can be computed as

d̄ = −BTw. (B.30)

Finally, we have that

D⊤s(d) = −B⊤H−⊤ (B.31)

In practice, when H is singular or ill-conditioned (e.g., at non-differentiable
points), a least-squares or regularized solution is used, which corresponds to a
generalized derivative suitable for automatic differentiation.

B.4.3. Differentiation of the Canonicalizer

As established in Section B.2, when the data are stacked into a vector d, one
has

d = Mθ̃, (B.32)

for a fixed sparse matrix M . The Jacobian of C with respect to θ is therefore
constant. Given an adjoint d̄, the adjoint with respect to the parameters is

˜̄θ = M⊤d̄. (B.33)

The last component of ˜̄θ, corresponding to the constant “1” in θ̃, is discarded,
and the remaining entries form the gradient θ̄ = ∂L/∂θ. These are reshaped
to match the shapes of the original CVXPY parameter tensors.
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B.5. Summary
A CVXPYLayer realizes the solution map of a parameterized convex optimiza-
tion problem and makes it differentiable by:

1. Representing the problem in a DPP-compliant form so that the cone
program data (A, b, c) depend affinely on the parameters θ,

2. Decomposing the overall solution map as

S(θ) = R
(
s(C(θ))

)
, (B.34)

where C and R are affine maps and s is the cone solver solution map,

3. Applying the chain rule in reverse mode, with the nontrivial component
D⊤s obtained via implicit differentiation of the KKT system, which re-
duces to solving a linear system with the KKT matrix and applying the
operator B⊤.

The result is an optimization layer whose forward pass solves a convex program
and whose backward pass solves a linear system involving the KKT/Newton
matrix, while parameter dependence is handled by precomputed sparse linear
operators arising from the DPP-based canonicalization.
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APPENDIX C.

Negative Log-Likelihood and Dynamic RC
Model: Demonstration

In section 5.4, we explain that training the proposed dynamic RC model is
challenging. Here, we demonstrate that

LNLL(µϵ, σϵ, ϵ
true; θ) = LNLL(µτ in , στ in , τ true; θ), (C.1)

where ϵtrue := τ true − τ̂ in
RC is the perturbation and thus the target value of µϵ,

with τ̂ in
RC, the forecast of the RC model without residual.

By definition of log-likelihood, one gets

1

2

[
log σ2

ϵ +
(µϵ − ϵtrue)2

σ2
ϵ

]
?
=

1

2

[
log σ2

τ in +
(µτ in − τ true)2

σ2
τ in

]
. (C.2)

Since ϵ is the only probabilistic parameter, we have σϵ = στ , which leads to

|µϵ − ϵtrue| ?
= |µτ in − τ true|. (C.3)

Given that µin
τ = µϵ + τ̂ in

RC and the definition of ϵtrue, we have

|µϵ − (τ true − τ̂ in
RC)|

?
= |µϵ + τ̂ in

RC − τ true|. (C.4)

And the equality is verified.
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